
MAT240 Lecture Notes

Arkyter

’23 Fall Semester

§1 Day 1: Introduction to Class (Sep. 7, 2023)

General course guidelines can be found in the page in Quercus; weekly homework will
be issued with the lowest two grades being dropped. This class is “an introduction to
linear algebra over an arbitrary field aimed at students with a very serious interest in
mathematics,” so yeah. Have fun!

§1.1 Review on Sets

A set is a collection of objects (referred to as elements of said set). For example, we may
have sets as such,

A = {1, 2, 3, 4}

Z := “the integers,” aka {. . . ,−3,−2,−1, 0, 1, 2, 3, . . . }

Note that a set need not only include numbers; it is to be thought of strictly as a
collection of objects, which means that order does not matter. As for notation, we
have “∈”, denoting “is an element of.” This is used in contexts such as 1 ∈ A, or 5 ̸∈ A,
which would respectively read as “1 is an element of A” and “5 is not an element of A.”
Set-builder notation is used to write out sets which would be more conveniently expressed
with a predicate, i.e.

B = {x ∈ Z | 1 ≤ x ≤ 4},

which would read as the set of all integers from 1 to 4, or

Q =

{
p

q
| p, q ∈ Z ∧ q ̸= 0

}
,

which expresses the set of rationals. Some other examples include

P = {p ∈ Z | p prime}1,

or ∅, which represents the null set (aka the empty set), a set with no elements.
When comparing sets, we use X = Y to denote an equality between sets X and Y ,

which occurs if and only if they both share the same elements. It may be thought of
as ∀x, [x ∈ X ⇐⇒ x ∈ Y ]. Moreover, a set X is said to be a subset of another set Y ,
X ⊂ Y , if all elements of X are also elements of Y . Note the differentiation between
⊆ and ⊂, the former including the equality case, the latter being strict. This may be
intuitively described as the difference between ≥ and >. As a basic example, the empty
set is a subset of all sets S, written as

∅ ⊆ S.

1i’m not sure if this is acceptable notation in the course, i’m just used to seeing it in books

1



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

Unions of sets can be expressed with the symbol ∪, as in

X ∪ Y = {x | x ∈ X or x ∈ Y },

n⋃
i=1

Xi = X1 ∪X2 ∪X3 ∪ · · · ∪Xn.

Intersections are expressed with the symbol ∩, as in

X ∩ Y = {x | x ∈ X and x ∈ Y },

n⋂
i=1

Xi = X1 ∩X2 ∩X3 ∩ · · · ∩Xn.

And finally, set differences are expressed with the symbol \, as in

X \ Y = {x | x ∈ X but x ̸∈ Y }.

The cartesian product of sets can be expressed as

X × Y = {(x, y) | x ∈ X, y ∈ Y }.

For example, the real plane is expressed as R2 = R× R. All sorts of stuff can be written
out with sets. Though, if you want an extreme example, here’s Fermat’s Last Theorem:

Theorem 1.1 (Fermat’s Last Theorem)

There does not exist x, y, z ∈ N and n ∈ N ≥ 3 such that xn + yn = zn.

{(x, y, z, n) ∈ N4 | n ≥ 3, xn + yn = zn} = ∅.

§1.2 Functions

2 A function f is written as
f : X → Y,

with sets X and Y its domain and codomain respectively. Note that the codomain of
a function is different from the range; the range would be the set of all outputs, as in
{f(x) | x ∈ X}, while the codomain is a general set simply expressing “what may possibly
come out,” such as “real numbers” or “rational numbers” and so forth. Two functions
f1, f2 are considered equal (f1 = f2) if and only if

f1(x) = f2(x) ∀x ∈ X.

2not much to say here
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§2 Day 2: Functions and Fields (Sep. 12, 2023)

Today serves as a reminder and an introduction to formal definition of functions and
properties. First off, recall that a function is written as

f : X︸︷︷︸
domain

→ Y︸︷︷︸
codomain

,

in which f is a function that assigns, for every x ∈ X, a unique f(x) ∈ Y . This can
alternatively be written as a map using the symbol 7→, as in,

x 7→︸︷︷︸
maps to

f(x)

for all x ∈ X under an implicit assumption. Note: range is discussed in my Day 1 notes.

§2.1 Example Functions and Properties

Recall that two functions, f1, f2 : X → Y , are considered to be the same function if and
only if they share the same domain and codomain (as aforementioned) and, for all x ∈ X,
we have f1(x) = f2(x). Take away the constraint on sharing domains and codomains,
and we may end up in an awkward situation where f1 : X1 → Y and f2 : X2 → Y , where
∃x ∈ X1, but x ̸∈ X2, thus nullifying the equality. Even if functions appear similar,
changing codomains may remove the invertibility, surjectivity, et al. which is why we
must strictly enforce all conditions above.
Now, let’s consider a few examples in which we will use to provide intuition.

Example 2.1 (Identity Function)

Define an identity function idX : X → X where x 7→ x for any set X.

Example 2.2 (Inclusion Function)

Given two sets X ⊂ Y , the inclusion map is ι : X → Y , where x 7→ x. This function
differs from the identity in that we are recognizing elements x ∈ X as to be regarded
as included in its superset Y .

Example 2.3 (Example 1: f1)

Let f1 be an alphabet enumeration function where f1 : {A,B,C, . . . , Z} → [26],
where A 7→ 1, B 7→ 2, . . . , Z 7→ 26.

Example 2.4 (Example 2: f2)

Let f2 be an exponential function where f2 : R → R, where x 7→ ex.

Example 2.5 (Example 3: f3)

Let f3 be a modular counting function where f3 : Z → {0, 1, . . . , 9}, where m 7→ m
(mod 10).
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§2.2 Injectivity, Surjectivity, and Bijectivity

We start off with a few more definitions to keep things organized.

Definition 2.6 (Injectivity). An injective (”one-to-one”) function is a function f where
for all pairs x1, x2 ∈ X where f(x1) = f(x2), we have x1 = x2. In the same contrapositive,
if x1 ̸= x2, then f(x1) ̸= f(x2).

From our above example functions, we see that identity, inclusion, f1, and f2 are
injective.

a

b

c

1

2

3

4
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d

1

2

3

Figure 1: Injective but not Surjective, and vice versa

Definition 2.7 (Surjectivity). A function f : X → Y is called surjective (”onto”) if
the range is equal to the codomain, i.e. f(X) = {f(x) | x ∈ X} = Y . In other words,
∀y ∈ Y, ∃x ∈ X such that f(x) = y.

From our above examples, we see that idX , f1, and f3 are surjective.

Definition 2.8 (Bijectivity). A function is bijective if and only if it is both injective
and surjective. That is, ∀y ∈ Y, y = f(x) for a unique x ∈ X.3
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Figure 2: Bijection

By definition, this makes idX and f1 the only bijection functions in our examples from
above.

3a digression from class: bijections are really useful in all sorts of situations; it’s nice to notice them
when they occur. an example would be that if there exists a bijection between two infinite sets, they
are said to be equal in cardinality (read: size).
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§2.3 Images and Pre-Images

Although not covered in class, the word image refers to three possible contexts, of which
are listed below: given a function f : X → Y , we have:

1. The image of an element x ∈ X is f(x). It is the value that we obtain when f is
applied to x.

2. The image of a subset of A ⊂ X4, denoted f(A) = {f(a) | a ∈ A}, is the set of all
values we get when applying f to every element a ∈ A. It follow naturally that
f(A) ⊆ Y (with equality if A happens to produce a bijection f : A → Y ).

3. The image of a function is its range. It can also be written as f(X).

Now, when we talk about pre-image, we usually first define a set B ⊆ Y for a function
f : X → Y . The pre-image of B under f is

f−1(B) = {x ∈ X | f(x) ∈ B},

and f−1(B) is naturally a subset of the domain X of f . As an example, examine function
f3 from earlier. The preimage

f−1({0}) = {all multiples of 10},

as all, and only the multiples of ten, that would have a remainder of 0 when divided by
10. Other examples include

f−1({1, 3}) = {10x+ 1 ∨ 10x+ 3 | x ∈ Z}.

§2.4 Restrictions and Compositions

The restriction of a function f : X → Y with A ⊆ X is, informally defined, taking a
function, not altering its outputs, but changing it to only be defined on A, a subset of X.
This new function would be expressed as the restriction of f to A, as in, f |A : A → Y
where f |A(x) = f(x) for all x ∈ A. More generally, we can also have A ⊆ X and B ⊆ Y
with f(A) ⊆ B, yielding f |A,B : A → B. Now, a few properties on restrictions.

1. If the subset A of X happens to be equal to X, as in A = X, then we have f |A = f .

2. Restricting a function more than one time is the same as restricting it only once.
An example would be A ⊆ B ⊆ X, then (f |B)|A = f |A.

3. (⋆) The restriction of the identity function idX : X → X to a subset A ⊆ X is the
same as the inclusion map ι : A → X.

4. The restriction of a continuous function is continuous.

4i disagree with using X ′ for subsets, it’s just way too confusing and unappealing... know that this is
what was used in lecture today, though, as in X ′ ⊂ X.
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For composition, we say if f : X → Y and g : Y → Z, then g ◦ f : X → Z, where
x 7→ g(f(x)).

f gX Y Z

g ◦ f

Figure 3: Function Composition

And here are the exercises from class:

Problem 2.9 (Associativity of Composition)

Suppose we have f : X → Y, g : Y → Z, and h : Z → W . Show that h ◦ (g ◦ f) =
(h ◦ g) ◦ f : X → W .

Problem 2.10 (Invertibility and Bijectivity)

Show that f is invertible if and only if f is bijective.

Problem 2.11 (Unique Inverse)

Show that the inverse of a function f is unique if it exists. We call it f−1 : Y → X,
and that f−1 ◦ f = idX and f ◦ f−1 = idY .

Problem 2.12 (Compositional Inverses)

If f : X → Y , g : Y → Z are invertible functions, show that

(g ◦ f)−1 = f−1 ◦ g−1.

§2.5 Fields

Onto numero cinco! Fields are generalizations of Q,R,C, and are sets equipped with
addition and multiplication, where they satisfy +, · : F× F → F (closure). Fields must
satisfy the field axioms, which have already been talked about (ref: see MAT157 day 1
and day 2 for P1 to P9, as well as P11 and P12), so I’m just going to list the food for
thought below.

Problem 2.13

Show that the additive identity 0 and multiplicative identity 1 are unique and do
not equal each other.

6
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Problem 2.14

Prove the uniqueness of the additive and multiplicative inverses relative to each
element x ∈ F.

Problem 2.15

Show that x · 0 = 0.

Problem 2.16

Show that x(−y) = −(xy).

In reality, these have already been talked about in MAT157, so it’s really just redundant.
I’m going to go hug my bl̊ahaj now, bye!
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§3 Day 3: More Fields and Complex Numbers (Sep. 14, 2023)

Quick recap: fields are generalizations of Q,R,C, etc...: a set F equipped with operations
+, · : F × F → F along with the field axioms. Now, we introduce some of the useful
notation to make our lives a little simpler:

x

y
= x · y−1, given x, y ∈ F, y ̸= 0.

xy = x · y.
xn︸︷︷︸
n≥1

= x . . . x︸ ︷︷ ︸
n times

Problem 3.1 (Checking Cayley Tables)

Let us have a finite field with two elements F2 = {0, 1}. Verify the following tables
with the field axioms,

F2,+ 0 1
0 0 1
1 1 0

F2, · 0 1
0 0 0
1 0 1

§3.1 Characteristic

The characteristic of field F is the smallest integer n ≥ 1 such that

1 + · · ·+ 1︸ ︷︷ ︸
n summands

= 0

in F (as in, the smallest number of times we need the additive identity to itself to obtain
the multiplicative identity). If it’s impossible to sum to 0, then we say the characteristic is
0 instead, such as is the case in R,Q,C, and many (but not all) infinite fields. Conversely,
if the characteristic is 0, we know the field has infinite elements.5

Problem 3.2 (Prime Characteristic)

Prove that the characteristic of a field must be either a prime number or 0.

Suppose characteristic k of field F is composite with k = pq; p being prime, but not
necessarily for q. Then

(1 + 1 + · · ·+ 1)︸ ︷︷ ︸
p

(1 + 1 + · · ·+ 1)︸ ︷︷ ︸
q

= 1 + 1 + · · ·+ 1︸ ︷︷ ︸
k

= 0

however, since pq = 0, this implies we have two different zeroes.

51, 1 + 1, 1 + 1 + 1, . . . cannot all be distinct if the field is finite.
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§3.2 Complex Numbers

The complex numbers are a field extension of the reals, defined by C = R(i) = {a+ bi |
a, b ∈ R}, where i is the root of i2 = −1. C comes equipped with addition and
multiplication +, · : C× C → C defined as follows,

(a+ bi) + (c+ di) = a+ bi+ c+ di

= (a+ c)︸ ︷︷ ︸
R

+(b+ d)︸ ︷︷ ︸
R

i,

(a+ bi) · (c+ di) = ac+ bci+ adi+ bdii

= (ac− bd)︸ ︷︷ ︸
R

+(bc+ ad)︸ ︷︷ ︸
R

i.

Remark 3.3. The reals are a subfield of the complex numbers; if b = 0 in z = a+ bi, then
we simply say z ∈ R for z = a+ 0i.

Problem 3.4 (C is a Field)

Verify that C satisfies all the field axioms.

I’m not typing this out, but this should be pretty trivial to do as an exercise.

Problem 3.5

Prove that the multiplicative inverse of a+ bi is

(a+ bi)−1 =
a

a2 + b2
− b

a2 + b2
i,

where a+ bi ̸= 0. Consider a2 + b2 = (a+ bi)(a− bi).

Now, we move onto the idea of complex conjugates. Suppose we have z = a+ bi ∈ C.
Then, define the conjugate of z as z = a− bi. The magnitude of a complex number is
defined as |z| =

√
a2 + b2. These two satisfy a handful of properties: for all complex

numbers z, w,

• z + w = z + w,

• zw = zw,

• (z−1) = (z)−1,

•
( z

w

)
=

z

w
,

• |z| =
√
zz,

• |zw| = |z| |w|,

•
∣∣z−1

∣∣ = |z|−1 if z ̸= 0,

•
∣∣∣ z
w

∣∣∣ = |z|
|w|

, and finally,

9
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• The triangle inequality, |z + w| ≤ |z|+ |w|.

Oh, and a joke from class: The greek character Ξ could be used in the context of complex
numbers to get this absolutely disgusting fraction, Ξ

Ξ
.

10
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§4 Day 4: Fundamental Theorem of Algebra; Modular
Arithmetic; Intro to Vector Spaces (Sep. 19, 2023)

Last time, we defined the complex numbers as

C = {a+ bi | a, b,∈ R},

a set endowed with the usual addition and multiplication (+, ·). In general, when talking
about fields, we don’t expressly mention the usual addition and multiplication if the
notation is conventional, such as in R,Q,C.

§4.1 Fundamental Theorem of Algebra

Unlike in the real numbers, polynomials in the complex numbers always have roots.

Theorem 4.1

If p(z) is a polynomial anz
n + an−1z

n−1 + · · · + a0 for all (an) ∈ C, there exists
z0 ∈ C such that p(z0) = 0.

In other words, every non-constant, single variable polynomial with complex coefficients
(which can include the reals) has at least one complex root. As a corollary, we may write
p(z) as

(z − c1) . . . (z − cn)

for c1, c2, . . . , cn ∈ C. Alternatively, we may say

k∑
i=0

aiz
k = c

k∏
i=1

(z − bi)

for a constant c ∈ C as the unique factorization of p(z).

§4.2 Modular Arithmetic

Notes by Conrad and Vogan: here, and here. The core idea of modular arithmetic
is introducing a new system/architecture for arithmetic, where numbers ”wrap around”
after reaching a certain m ∈ Z; kind of like fields! To start, consider m = 10 (evaluating
for the unit digit).

Example 4.2

Calculate 729 · 328 (mod 10).

We can do this by simply multiplying the units digits of both numbers. Thus, 9 · 8 ≡ 2
(mod 10).
Now, we generalize to arbitrary bases b. Let’s first establish,

Lemma 4.3

For any a, b ∈ Z, we say a ≡ b (mod n) if and only if a, b has the same remainder
when divided by n.

11
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For example, 142 ≡ 2 (mod 7). Now, some properties (note that ≡ denotes congruence)6:

a ≡ a (mod m). (Reflexivity)

a ≡ b (mod m) =⇒ b ≡ a (mod m). (Symmetry)

a ≡ b, b ≡ c =⇒ a ≡ c. (Transitivity)

We may extend our above example with these properties as such,

142 ≡ 2 ≡ 9 ≡ · · · ≡ 7k + 2, k ∈ Z.7

Now, for some more properties:

Theorem 4.4 (Modular Arithmetic ”Closure”)

If a ≡ b (mod m) and c ≡ d (mod m), we have the following properties,

a+ c ≡ b+ d (mod m).

ac ≡ bd (mod m).

We may prove it as follows: for addition, we may rewrite:

a ≡ b (mod m) =⇒ a− b = km for some k ∈ Z

c ≡ d (mod m) =⇒ c− d = lm for some l ∈ Z

Then,

(a+ c)− (b+ d) = (k + l)m

=⇒ a+ c ≡ b− d (mod m).

For multiplication, a, similar method of proof follows; it shall be left to the reader of thy
notes.

Theorem 4.5 (I don’t know what to call this either)

If a ≡ b (mod m) and k ≥ 1 is an integer, then ak ≡ bk (mod m).

This can be proved by induction. First, consider the base case where k = 1: we see that
a1 = a, same for b, and we are done. For the inductive step, given ak = bk, we may
simply write

ak+1 = ak · a ≡ bk · b︸ ︷︷ ︸
above property; idk if it’s closure

= bk+1 (mod m) .

Moreover, modular arithmetic doesn’t have to operate strictly in the non-negative integers:
consider this example;

Problem 4.6

What is 97 · 99 (mod 105)?

6technically iff but it would read differently otherwise; should be seen as left implies right, not for-
ward/backward bs

7yes, negative numbers included, like -5, -12, and so on

12



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

We can evaluate this by writing 97 ≡ −8 (mod 105) and 99 ≡ −6 (mod 105), which
evaluates out to (−8)(−6) ≡ 48 (mod 105).
Either way, we continue onto a demonstration of uniqueness:

Theorem 4.7 (Uniqueness of Modulo)

For all a ∈ Z, there exists a unique r ∈ {0, 1, 2, . . . ,m− 1} such that a ≡ r (mod m).

§4.3 Z/mZ and Fp

The term Z/mZ are the integers modulo m, as in, the same modular arithmetic from
the previous subsection. It is defined as Z/mZ = {0, 1, . . . ,m− 1}, representing all the
remainders of the integers upon division by m exactly once. We define the following
binary operators on Z/mZ,

a+ b = c if a+ b ≡ c (mod m).

ab = c if ab ≡ c (mod m).

Personally, I don’t want to write bars above my numbers because I’m aware of what is
and isn’t being considered modular arithmetic. In this way, we see that our operations
on Z/mZ are well defined, according to the uniqueness of modulo. For example, in Z/2Z,
we have the following Cayley tables,

+ 0 1
0 0 1
1 1 0

· 0 1
0 0 0
1 0 1

Remark 4.8. We have a ring isomorphism

Z/pZ ∼= Fp

if p is prime. In general, Z/pZ is a ring that counts as a field if and only if p is prime.
Moreover, any field F with char(F) = p containing set {0, 1, 1 + 1, . . . , } which is a subring
isomorphic to Z/pZ.

One thing important to consider, though, is that Z/mZ is not a field unless m is prime
(as mentioned in the remark). This is because Z/mZ satisfies all field axioms aside from
multiplicative inverse, unless m is a prime, then all nonzero elements have multiplicative
inverses. Prototypical example:

Z/4Z = {0, 1, 2, 3}; 2 · 2 = 0 =⇒ 2 has no multiplicative inverse.

A more elegant way to define Z/mZ though, uses equivalence classes: [a] is an equivalence
class where

[a]m := {x ∈ Z | x ≡ a (mod m)} = {x ∈ Z | x = mn+ a, for some n ∈ Z}.

Now, we may define Z/mZ:

Z/mZ = {[a]m : a ∈ Z}

To see an example, observe
Z/3Z = {[0], [1], [2]}

which encompasses all of Z but written in terms of 3 equivalence classes.

13
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§4.4 Vector Spaces

A vector space (as defined in sections 1.1 to 1.2) over a field F is a non-empty set V
endowed with binary operators + : V ×V → V and × : F×V → V (scalar multiplication).
Here are the axioms,

VS1. (Commutativity of Vector Addition) u+ v = v + u for all u, v ∈ V .

VS2. (Associativity of Vector Addition) u+ (v + w) = (u+ v) + w for all u, v, w ∈ V .

VS3. (Identity of Vector Addition) There exists an element, 0 ∈ V , called the zero vector,
such that v + 0 = v for all v ∈ V .

VS4. (Inverse Elements of Vector Addition) For every v ∈ V , there exists an element
−v ∈ V , called the additive inverse of v, such that v + (−v) = 0.

VS5. (Identity of Scalar Multiplication) The scalar multiplication identity is 1, which is
the multiplicative identity in F .

VS6. (Compatibility of Vector and Scalar Multiplication) a(bv) = (ab)v for a, b ∈ F and
v ∈ V .

VS7. (Distributivity of Scalar Multiplication w.r.t. Vector Addition) a(u+ v) = au+ av
for a ∈ F and u, v ∈ V .

VS8. (Distributivity of Scalar Multiplication w.r.t. Field Addition) (a+ b)v = av + bv
for a, b ∈ F and v ∈ V .

14
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§5 Day 5: Examples of Vector Spaces (Sep. 21, 2023)

Quick reminder that the integers modulo p is a (finite) field if and only if p is a prime,

Z/pZ = Fp.

Recall that a vector space is motivated by the concept of Rn (n ≥ 1). We say that a
vector space over F (any field) is a set V endowed with the binary operations

+ : V × V︸ ︷︷ ︸
{x,y|x,y∈V }

→ V, (x, y) 7→ x+ y

· : F× V → V, (a, x) 7→ a · x.

such that VS1 to VS8 hold.

Remark 5.1. The empty set, ∅, is not a vector space becuase it does not have an additive
identity.

Remark 5.2. It would be more precise to write

+F , ·F , 0F , 1F for F,

+V , ·V , 0V for V,

but this is basically overly pednatic and would make everything annoyingly long. For the
sake of demonstration, we shall proceed with these protracted symbols. Using this notation,
we can rewrite some of the vector space axioms,

(a ·F b) ·V X = (a ·V b) ·V X, (VS6)

1F ·V x = x. (VS5)

We now proceed to giving a handful of examples of vector spaces.

1. V = {0} forms the trivial vector space, which only contains the zero vector.

2. A coordinate space can be expressed as8

Fn = F × . . . F︸ ︷︷ ︸
n times

= {(a1, . . . , an) | ai ∈ F∀i}.

It is equipped with binary operators +, ·; for example, we may write

(a1, a2, . . . , an) + (b1, b2, . . . , bn) = (a1 + b1, . . . , an + bn)︸ ︷︷ ︸
Component by component

1V · (a1, . . . , an) = (1Fa1, . . . , 1Fan) (VS5)

= (a1, . . . , an). (F3)

Visually, we may write (a1, . . . , an) ∈ Fn as a column vector


a1
a2
...
an

.
8F is commonly the reals, but can also be complex, or whatever. any arbitrary field will do
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3. Matrices are also vector spaces; though, we should say, the set of all matrices of a
fixed size, with entries in F , forms a vector space. Let m,n ≥ 1 with

Mm×n(F ) = {m× n matrices over F}

=


a11 . . . a1n

...
. . .

...
am1 . . . amn




= Fmn

Note that aij is to be read as the entry on the ith row, and jth column. Matrices
are also endowed with the usual addition and multiplication, i.e.

(A+B)ij︸ ︷︷ ︸
matrices

= aij +F bij︸ ︷︷ ︸
entries

.

someone confirm for me, not sure about this one.

4. Finally, we have function spaces. Let F(S, F ) = {functions f : S → F}. Given
that S is a non-empty arbitrary set and V a vector space over the field F , the
functions S → F can be given the structure of a vector space over S, with the usual
binary operators equipped. For example,

(f + g)(s) = f(s) +F g(s),

(c · f)(s) = c ·F f(s),

for all functions f, g, and s ∈ S, c ∈ F .

Intuition: the set of functions from any set S into a vector space has a natural
vector space structure, given by addition and scalar multiplication.
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§6 Tutorial 1: Modular Arithmetic and Fermat’s Little Theorem
(Sep. 21, 2023)

Since I’m assuming tutorials are different for everyone, I’ll just go over the problems here.
My proofs tend to be more laconic because there are 11 questions in total. Let me know
if there are any questions!

1. Find the last digit of
(((76)5)4.

Notice that we are working mod 10, and that 7 cycles as follows,

7 = 7

72 ≡ 9 (mod 10)

73 ≡ 3 (mod 10)

74 ≡ 1 (mod 10)

As a result, we may rewrite the exponentiation to obtain

76·5·4

which indeed has an exponent of a multiple of 4. Thus, the last digit is 1.

2. Find the last digit of

76
54

.

Notice that 65
4 ≡ 0 (mod 4). This means the last digit is simply 1 again.

3. Prove that Z/nZ is a field if and only if n is a prime.

Remember that a consequence of the field axioms is that ab = 0 if and only if one
of a, b is equal to 0. Moreover, by Bezout’s Lemma, given a ∈ Z/nZ, if n is prime,
then (a, n) coprime and we may find integers b, c such that

ba+ cn = 1.

Thus, ba = 1 and we see the forward implication that if n is prime, we have a field.
Otherwise, suppose n is not prime. We then may factor it as n = ab, where ab = 0.
This contradicts the field axioms, and so we are done.

4. Let p be a prime. Prove that

a, b ∈ Fp =⇒ (a+ b)p =⇒ ap + bp.

Proceed with the binomial theorem,

(a+ b)p =

p∑
i=0

(
p

i

)
aibp−i.

Note that
(
p
i

)
≡ 0 (mod p) for all 0 < i < p, which means the only terms we have

left are ap + bp.
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5. Find the multiplicative inverse of every non-zero element in F7.

1−1 = 1

2−1 = 4

3−1 = 5

4−1 = 2

5−1 = 3

6−1 = 6.

6. Solve 6x = 3 in F11, and then in Z/8Z.
For F11, x = 6. For Z/8Z, I don’t think a solution exists.

7. Use the Euclidean Algorithm to find the greatest common divisor of 24 and 136.

136 = 24 · 5 + 16

24 = 1 · 16 + 8

16 = 2 · 8.

Therefore, gcd(24, 136) = 8.

8. Prove that the set of complex numbers is a field.

See MAT157 week 1 homework question 3(a)...

9. Let 0 ̸= a ∈ Fp. Prove that
ap−1 = 1

in Fp (Note that this is Fermat’s Little Theorem).

We may do this by induction. First, rewrite the expression to ap = a =⇒ ap−a = 0.
It is quick to prove the base case of a = 1. For the inductive step, suppose the
expression holds for some a ∈ Fp. Then,

(a+ 1)p = ap +

(
p

1

)
ap−1 + · · ·+

(
p

p− 1

)
a+ 1 (Binomial Theorem)

(a+ 1)p − ap − 1 =

(
p

1

)
ap−1 + · · ·+

(
p

p− 1

)
a︸ ︷︷ ︸

vanishes

which then we may insert into our inductive step, yielding

((a+ 1)p − ap − 1) + (ap − a) = (a+ 1)p − (a+ 1),

and so we are done.

10. Let F be a field, and let the set V = {(a, b) | a, b ∈ F} with component-wise
addition and scalar multiplication c(a, b) = (ca, cb). Show that V is a vector space
over F .

This is just re-verifying VS1 to VS8. Will not be written out here for brevity
reasons, but should be treated as an exercise in checking the axioms.
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11. Prove that the set of all functions from R → R with point-wise addition and scalar
multiplication (as in exercise 3 in section 1.2 from the textbook) is a vector space
over R. Which of the following subsets of the above set form a subspace? The set
of even functions, the set of odd functions, the set of continuous functions, the
set of differentiable functions, the set of functions such that f(1) = 0, the set of
functions such that f(0) = 1?

This is basically the function space defined in notes from Day 5.

• The set of even functions form a subspace. Let f, g be even and c a real.

(f + g)(−x) = f(−x) + g(−x)

= f(x) + g(x)

= (f + g)(x)

and

(cf)(−x) = c(f(−x))

= c(f(x))

= (cf)(x).

which shows it indeed does form a subspace.

• The same goes for the set of odd functions; the proof is similar to the above
for even functions.

• The set of continuous functions form a subspace. Let f, g be continuous
functions. Then, f + g is also continuous, since f nor g have points of
discontinuity. Multiplication by scalar is a vertical stretch or compression that
does not create discontinuities either.

• The set of all functions such that f(1) = 0 form a subspace. Let f, g be
functions such that f(1) = g(1) = 0. Then,

(f + g)(1) = 0 + 0 = 0

Moreover, for any real c, we also have (cf)(1) = c(f(0)) = c · 0 = 0.

• The set of all functions such that f(0) = 1 does not form a subspace. It is
not closed under addition nor multiplication, which can be demonstrated by
picking any two arbitrary functions f, g such that f(0) = g(0) = 1. Then,

(f + g)(0) = 1 + 1 = 2,

which shows function f + g is not in our set.
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§7 Day 6: Review of Vector Space Examples; Polynomials;
Subspaces (Sep. 26, 2023)

Some review today! A vector space is a set V endowed with operations + : V × V → V
and · : F × V → V , where F may be any field; this set also further satisfies the 8 vector
space axioms VS1 to VS8.

§7.1 Additional Examples of Vector Spaces (and a revision to Function
Space)

1. A function space F(S, F ) is the set of all functions f : S → F where S is some set,
and F is a field. Define the usual addition and scalar multiplication as follows, for
f, g ∈ F(S, F ) and a ∈ F ,

f + g : S → F

s 7→ f(s) +F g(s) ∈ F,

a · f : S → F

s 7→ a ·F f(s) ∈ F

where s is an element of set S. Quick digression,

Remark 7.1. If we have S = {1}, then F(S, F ) is said to be “F”, since this simply
induces a simple map to F .
If S = {1, 2, . . . , n}, then F(S, F ) is said to be “Fn”,

1 7→ a1

...

n 7→ an

where (an) should be treated as a sequence of outputs; for example, we may view it
as a variant of coordinate space, i.e. an n-vector can be thought of a function with
domain {1, 2, . . . , n}; this is equivalent to seeing it as an ordered list of n numbers,
hence giving rise to the idea of sequence (an),

Rn :=


a1

...
an


∣∣∣∣∣∣∣ a1, . . . , an ∈ R

 = {a : {1, . . . , n} → R}.

If the set S has a natural ordering, we may write the components in the sequence
in order for convenience. If S is an infinite set {1, 2, . . . }, we may see ourselves at a
situation with the sequence space; example 1.5 in §1.2 of the textbook.

2. Polynomials also form an example vector space. But, before we may define the
polynomial vector space, we should formally define what a polynomial is. A
polynomial is a formal expression

P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0,

where n ≥ 0, ai ∈ F∀i. In the polynomial space P (F ) of polynomials over F , x is
not necessarily in F (in the context of “P (x)”); only the elements a0, . . . , an are.
Moreover, we often omit terms of the form 0ak out of convenience; these are not
counted when determining the degree of a polynomial. The leading coefficient is
the largest n such that an is nonzero (of the term anx

n); we say the degree of P is
n.
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Remark 7.2. In the case of P (x) = 0, we conventionally define it as having negative
infinite degree.

Two polynomials are equal if and only if they share the same coefficients, which
brings us to this example:

Example 7.3

Suppose F = F2; then let P (x) = x2+x. Indeed, this is not the zero polynomial,
despite

P : 0 7→ 0

1 7→ 0.

It is important to note that while polynomials may be thought of as functions
intuitively, they are not the same thing; a polynomial is a formal linear
combination over F of monomials, it is not to be formally interpreted as a map
F → F .

In a vector space, we define the polynomials to have the following operations; given
polynomials P,Q ∈ P (F ) with coefficients (an), (bn) ∈ F and a scalar c ∈ F , then

P (x) +Q(x) = (an + bn)x
n + · · ·+ (a0 + b0), c · P (x) = (c · an)xn + · · ·+ (c · a0).

where we see things go component by component as usual.

§7.2 Subspaces

Let’s start with the formal definition, since this one is fairly intuitive; a subset W
of a vector space V is called a subspace if W together with the restriction of vector
space operations of V is a vector space. Let’s start with the operations: start with the
operations on space V ,

+V : V × V → V

·V : F × V → V

we define restrictions on the above to obtain the operations for W (this is done to ensure
closure),

+V

∣∣
W×W

= +W

·V
∣∣
F×W

= ·W

From these definitions, we see x, y ∈ W =⇒ x+V y ∈ W which, by restriction of +V ,
also means x+V y = x+W y ∈ W . The same goes with scalar multiplication:

x ∈ V, a ∈ F =⇒ a ·V x = a ·W x ∈ W.
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Now, we move onto some examples of subspaces: for example, given vector space R2,
(Terrible diagram, I’m sorry); either way, the point stands: suppose W is the line in R2;

•
0

W ⊂ R2

it is a set containing all points on said line. This is indeed a subspace! However, the red
line is not. Let’s demonstrate a helpful theorem:

Theorem 7.4 (Subspace Criteria)

W is a subspace of vector space V if and only if

• It is additively closed; x, y ∈ W =⇒ x+ y ∈ W .

• It is multiplicatively closed; x ∈ W,a ∈ F =⇒ a · x ∈ W .

• It contains the additive identity 0.

Now, we prove this theorem: for its forward implication, note that additive and multi-
plicative closure comes directly from the definition of these operators; for the inclusion of
0, suppose we take any x ∈ W . Then

0V · x = 0V ∈ W

by definition. For the converse, assuming the above, we may construct the restrictions
easily. I’m leaving it as an exercise to construct these proofs in further detail; see question
11 on the first tutorial homework set for practice.
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§8 Day 7: Matrix Transpose, Trace; Intersection and Direct
Sum of Subspaces (Sep. 28, 2023)

Today we went over some review of vector spaces, as well as the definition of some matrix
operations and subspace properties. Remember that a subset W of a vector space V is
a subspace if it contains 0V and is closed under the restriction of the operations of V .
Here are a few examples,

Example 8.1

The set of all functions that vanish at a given s,

{f ∈ F(S, F ) | f(s) = 0},

is a subspace of F(S, F ).

Example 8.2

In F(R,R) = {f : R → R},

• C(R) (the set of all continuous f)

• {f(x) = −f(x) | f ∈ F(R,R)} (odd functions)

• {f(x) = f(−x) | f ∈ F(R,R)} (even functions)

are all examples of subspaces.

Remark 8.3. If U is a subspace of W and W is a subspace of V , then U is a subspace of
V . The proof is left as an exercise, but note that (wlog the field is F )(

+V

∣∣
W×W

) ∣∣∣
U×U

= +V

∣∣
U×U

,
(
·V
∣∣
F×W

) ∣∣∣
F×U

= ·V
∣∣
F×U

§8.1 Matrix Transpose and Trace

Given a matrix A ∈ Mm×n(F ), its transpose AT is defined by AT
ij = Aji, for example,

A =

(
a b c
d e f

)
, AT =

a d
b e
c f

 .

Moreover, we say A is symmetric if A = AT (and so m = n; i.e. A is a square matrix),
and antisymmetric if −A = AT .

Problem 8.4

Prove that the set of symmetric n× n matrices is a subspace of Mn×n(F ).

More notation now! If A is an n× n square matrix, then we write Tr(A) as the ”sum of
all entries on the diagonal”, i.e.

Tr(A) = A11 +A22 + · · ·+Ann =

n∑
i=1

Aii.
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Problem 8.5

Show that the set of all matrices with trace 0 form a subspace in Mn×n(F ).

This is fast to prove; try it! A quick digression:

Remark 8.6. The trace of a matrix is generally a pretty important notion since:

• It is the sum of the eigenvalues.

• It is invariant by transposition, and basis change, and cyclic permutation (invariants
are really nice... see: determinant!).

(I think we’re gonna cover these later on, but it’s just a quick motivation for people going
”why should I care”

§8.2 Intersection and Direct Sum of Subspaces

Here are two important theorems about subspaces:

Theorem 8.7 (Intersections of Subspaces is Subspace)

The intersection of any collection of subspaces of a vector space V is a subspace of
V . More specifically, let us have subspaces W1,W2, · · · : Wi ⊂ V with i ∈ I, then⋂

i∈I
Wi = {x | x ∈ Wi ∀i ∈ I}

is a subspace.

We may quickly show this by satisfying the subspace test: let
⋂

i∈I Wi = W,

• Subspaces must contain 0. Therefore, 0 ∈ W.

• For any u, v ∈ W, since all of the individual subspaces are closed under addition,
we see that u+ v ∈ W1, u+ v ∈ W2, · · · =⇒ u+ v ∈ W.

• The same argument holds for scalar multiplication.

Now, consider a different variant of the above:

Theorem 8.8 (Sum of Subspaces is Subspace)

The sum of two subspaces U,W ⊂ V is defined as

U +W = {u+ w | u ∈ U,w ∈ W}.

Moreover, U +W is a subspace.

This may be generalized to a sum of an arbitrary set of subspaces, but we may see that
this is indeed a subspace by considering,

• 0 is once again in the sum (0U + 0W = 0V ).
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• Let u ∈ U , w ∈ W , and x ∈ U ∩W . Then

u+ w = (u+ x)︸ ︷︷ ︸
∈U

+(u− x)︸ ︷︷ ︸
∈W

,

and a similar argument can be made for scalar multiplication.

Remark 8.9 (Direct Sum). Wemay denote U+W as U⊕W (direct sum) if the representation
of all v ∈ V as u+ w is unique; i.e., U ∩W = {0}. More specifically, there is one and only
one way to write each element of V as the sum of some elements of U and W .
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§9 Tutorial 2: Tut. 2 HW Solutions (i guess) (Sep. 28, 2023)

Laconic solutions to Week 2 tutorial homework! (because I don’t really wanna type
everything out step by step, if you follow lectures you should get it)

1. Is the set
{(3x, 5x, 2x) | x ∈ R}

a vector space over the reals?

Notice that A = {3x | x ∈ R}, B = {5x | x ∈ R}, C = {2x | x ∈ R} are individually
subspaces of R. Therefore, A×B × C is also a vector space.

2. Let c be a real parameter. Find all values of c so that the set

X = {(3x+ c, 5x, 2x) | x ∈ R}

with coordinate-wise vector addition and scalar multiplication is a vector space
over the reals.

We must have c = 0 otherwise (0, 0, 0) ̸∈ X.

3. Let n ∈ N and let ai ∈ Fn, 1 ≤ i ≤ n, where F is a field. Prove that{
n∑

i=1

aivi | v ∈ Fn

}
with coordinate-wise vector addition and scalar multiplication is a subspace of Fn.
Here, vi is the ith entry of the column vector v.

We see that this is true; each component of the sum a1v1 + a2v2 + · · ·+ anvn forms
a subspace on its own (since vi ∈ F ) and the scalar multiple of any subspace is still
a subspace.

4. Let n ∈ N and let ai ∈ Fn, 1 ≤ i ≤ n, where F is a field. Prove that{
v ∈ Fn |

n∑
i=1

aivi = 0

}
with coordinate-wise vector addition and scalar multiplication is a subspace of Fn.
Here, vi is the ith entry of the column vector v.

Passes the subspace test; contains (0, 0, . . . , 0), and addition and scalar multiplica-
tion are trivially closed.

5. Let n ∈ N and let ai ∈ Fn, 1 ≤ i ≤ n, where F is a field. Find all c, so that{
v ∈ Fn |

n∑
i=1

aivi = c

}
with coordinate-wise vector addition and scalar multiplication is a subspace of Fn.
Here, vi is the ith entry of the column vector v.

This is only a subspace if c = 0. Otherwise we don’t have the zero vector.
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6. Let F be a field. Explain why it is also a vector space over itself. That is, describe
the underlying vector space with its operation, and the field over which it is a
vector space.

Addition is the usual addition, and scalar multiplication over F is the same as
ordinary multiplication, both of which are closed. Also 0 ∈ F by default.

7. A matrix (with entries in a field) is symmetric if and only if AT = A, and is
anti-symmetric if AT = −A. Prove that any matrix can be represented as a sum of
a symmetric and an anti-symmetric matrix. Is this representation unique? Here
the transpose of a matrix is defined by (AT )ij = Aji.

Let P be such a symmetric matrix and Q an anti-symmetric matrix. Then we have,
for all A ∈ Mn(F ),

A = P +Q

=
(A+At)

2︸ ︷︷ ︸
P

+
(A−At)

2︸ ︷︷ ︸
Q

.

This representation is necessarily unique because the main diagonal of Q is 0.

8. Let Vn be a subspace of a vector space V (over a field) for all n ≥ 1. Is⋃
n≥1

⋂
k≥n

Vk

a subspace of V ? Prove or disprove it. Hint: Define Wn =
⋂

k≥n Vk and show that
Wn is an increasing sequence of subspaces.

A union of two vector spaces is a vector space only if one contains the other.
Forward implication is obvious, now for converse; let us have subspaces P,Q of V
where P ̸⊂ Q and Q ̸⊂ P . Take a ∈ P and b ∈ Q; a+ b ∈ P ∪Q, so a+ b ∈ P or
Q. If a+ b ∈ P , then a+ b+ (−a) ∈ P , and if a+ b ∈ Q, then a+ b+ (−b) ∈ Q.
Both are contradictions, and so we are done. Clearly W1 ⊂ W2 ⊂ . . . , and so we
are done.

9. Find all possible real solutions to the system

x+ 2y + 2z = 1

−2x− y + 2z = 1

−3x− 2y + 3x = 1.

(x, y, z) =

(
1

2
,−1

2
,
3

4

)
.

10. Find all possible real solutions to the system

2x+ 2y = 0

−x− y = 0.

{(x, y) | x = −y}.
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11. Find all possible real solutions to the system

2x+ 2y = 1

−x− y = 1.

No solutions exist.

12. Let

(∗)

{
2x+ 2y = a

−x− y = b

be a real system. Show that

{(a, b) ∈ R2 | (∗) has a solution}

is a subspace of R2.

Let (x1, y1) be a solution for (a, b) and (x2, y2) be a solution for (c, d). Then
(a+ c, b+ d) has solution (x1 + x2, y1 + y2). Zero and scalar multiplication is quick
to verify.
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§10 Day 8: Linear Combinations and Linear Independence (Oct.
3, 2023)

Recap from last class:

• The sum (or direct sum, if unique) of subspaces W1,W2, . . . ,Wn ⊂ V can be written
as

W1 +W2 + · · ·+Wn = {x1 + x2 + · · ·+ xn | xi ∈ Wi,

Remark 10.1. In the case of an infinite sum of subspaces, we can construct each
element using finite sums of subspaces; this isn’t covered in the class, just a note from
the board.

• The intersection of a set of subspaces may be written as⋂
∀i

Wi = {x | x ∈ Wi ∀i};

This is always a subspace.

• The union of a two subspaces is a subspace is a subspace if and only if one contains
the other; this logic may be extended to the union of more than two at a time.

§10.1 Linear Combinations (Section 1.4)

We start with the motivation behind linear combinations:

• In general, to parametricize a plane in Rn, we may write

P + ax+ by

with a, b ∈ R and point P ∈ Rn (note that x, y are to be non-parallel vectors)

• We can solve systems of equations with them.9

Example 10.2

Find the solutions of the system,{
2x+ 3y + z = 2

3x+ 4y + 7z = 4.

Note that we can convert this system into a linear combination, as in,{
2x+ 3y + z = 2

3x+ 4y + 7z = 4
⇐⇒

(
2x+ 3y + z
3x+ 4y + 7z

)
=

(
2
4

)
, (Expression in R2)

⇐⇒ x

(
2

3

)
+ y

(
3

4

)
+ z

(
1

7

)
=

(
2

4

)
,

which is a linear combination in terms of the above column vectors. As an exercise,
check that (x, y, z) = (4− 17s,−2 + 11s, s) is a valid solution for all s ∈ F .

9inb4 prof. herzig starts writing the most convoluted elementary procedure to solve this
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In general, given x1, . . . , xn in a vector space V , we define a linear combination of
x1, . . . , xn to be a1x1 + · · ·+ anxn (any vector) where all such coefficients ai ∈ F . With
the linear combination defined, we can further define the notion of span: let S ⊂ V ; then
span(S) is the set of all linear combinations formed from elements of S; i.e.,

{a1x1 + · · ·+ anxn | ai ∈ F, xi ∈ S ∀i;n ≥ 1}

Moreover, the span of the empty set is {0}; as another example, if V = R2 and S =
{
(
1
0

)
,
(
0
1

)
}, then span(S) = R2. Though, if we let S = {

(
1
2

)
,
(
2
4

)
}, then spanS = {

(
a
2a

)
|

a ∈ R}. For a different idea, let V be the polynomial space P (F ) and S the subset
{1, x2, x4, . . . , }. Then

span(S) = {a0 + a1x
2 + a2x

4 + · · ·+ anx
2n | ai ∈ F, n ≥ 0}

which can be thought of as a ”polynomial in x2.” With some examples in place, we may
move on to define some properties regarding the span:

Lemma 10.3

Given that S is a subset of vector space V ,

(a) span(S) is always a subspace of V .

(b) S ⊂ span(S).

(c) If S1 ⊂ S2 are subsets, then span(S1) ⊂ span(S2) are subspaces.

We now prove these statements: suppose x, y ∈ span(S). Then let x = a1x1 + · · ·+ anxn
for ai ∈ F, xi ∈ S, and n ≥ 1, and y = b1y1 + · · ·+ bmnym for bi ∈ F , yi ∈ S, and m ≥ 1.
We may write

x+ y = (a1x1 + · · ·+ anxn) + (b1y1 + · · ·+ bmym),

which is indeed a linear combination, and so is in the span of S. We can also check that
given the same x ∈ span(S) (as defined above) and a ∈ F , then

a · x = a(a1x1 + · · ·+ anxn) = (aa1)x1 + · · ·+ (aan)xn ∈ span(S).

It remains to check that 0 ∈ span(S); if S = ∅, then it is done by default; otherwise, take
0F ·x = 0 ∈ span(S). We also see x ∈ S =⇒ x = 1 ·x ∈ span(S), and thus S ⊂ span(S).
The same argument applies to the third part of this lemma.

Moreover, we also say S spans (or generates) the subspace span(S); if S ⊂ V , then
span(S) is the smallest subspace of V containing S. That is, for all subspaces W ⊂ V
where S ⊆ W , we have span(S) ⊆ W . Since all xi ∈ S are also elements of W and W is
a subspace, all linear combinations

a1x1 + · · ·+ anxn ∈ W.

Now, since span(S) contains all such linear combinations, we see that it is necessarily a
subset of W .

Remark 10.4. From this, we see that all subspaces are closed under linear combinations,
and that if any W ⊂ V if a subspace, then span(W ) = W . Moreover, we can express the
span of any subset S ⊂ V as the intersection of all subspaces W containing S.
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§10.2 Linear Independence (Section 1.5)

Let use have x1, . . . , xn ∈ V (distinct choices of xi; xi ̸= xj for i ≠ j). If we can express
some x ∈ V is a linear combination of x1, . . . , xn in two different ways,{

x = a1x1 + · · ·+ anxn

x = b1x1 + · · ·+ bnxn

such that (a1, . . . , an) ̸= (bn, . . . , bn) =⇒ 0 = (a1 − b1)x1 + · · · + (an − bn)xn, we say
x1, . . . , xn is linearly dependent in V . In short, if (a1 − b1, . . . , an − bn) ̸= (0, . . . , 0) then
our choice of x1, . . . , xn is linearly dependent.

Example 10.5 (Linearly Dependent Example)

S =

{(
1

0

)
,

(
0

1

)
,

(
2

−1

)}
is linearly dependent since 2

(
1
0

)
+
(
0
1

)
+
(

2
−1

)
= 0.

On the other hand, {
(
0
1

)
,
(
1
0

)
} is linearly independent.
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§11 Day 9: Linear Independence and Dependence (Oct. 5,
2023)

Last time, we went over spanning set and linear independence: given a subset S ⊂ V , we
write

span(S) = {all linear combinations of S}
= {a1x1 + · · ·+ anxn | ai ∈ F, xi ∈ S ∀i}.

Note that span(S) has the property that it is a subspace containing S, and the smallest
one to do so. If there was another subspace W ⊃ S, then span(S) ⊂ W . Moreover,

S1 ⊂ S2 =⇒ span(S1) ⊂ span(S2),

and if span(S1) happens to be the whole vector space V , then span(S2) = V as well.

§11.1 Conditions for Linear Independence / Dependence

Remember that a subset S is linearly dependent in V if we may write

0 = aixi + . . . anxn

for some xi ∈ S (distinct), such that ai ∈ F are not all zero; if we cannot write 0 in such
a manner, we say S is linearly independent in V .10 Take a few examples:

• Let us have set S = {1, x, x2, . . . , xn} ⊂ P (F ). This set is linearly independent,
since a01+a1x+ · · ·+anx

n = 0 in P (F ) if and only if a0, . . . , an = 0, by polynomial
equivalence (two polys are equal if and only if they have the same coefficients).

• If the definition for linear independence did not require xi ∈ S to be distinct, we
may pick x1 = x2 ∈ S such that 1x1 + (−1)x2 = 0, which makes all sets linearly
dependent, which is absurd.

• For all x ∈ V , the set {x} is linearly independent as long as x ̸= 0.

• If 0 ∈ S, then S is linearly dependent since 1 · 0 = 0.

• {x, y} is linearly dependent if and only if one is a multiple of another (i.e. there
exists some a ∈ F where ax = y).

With these down, we now continue onto the main lemmas proved in lecture:

Lemma 11.1 (Implication of Linear Dependence)

Suppose we have subsets S1 ⊂ S2 ⊂ V . If S1 is linearly dependent, then S2 is
linearly dependent. Furthermore, if S2 is linearly independent, then S1 is linearly
independent.a

aleave it as an exercise to check, ig. it’s very quick

Theorem 11.2 (Element in Span of Others)

Suppose we have a linearly independent subset S ⊂ V . Pick an x ∈ V \ S. Then
S ∪ {x} is linearly dependent if and only if x ∈ span(S).

10note that we don’t actually need all of S in the sum; we could do that and set all the extraneous stuff
to a coefficient of 0 though.

32



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

Before we prove this theorem, remember that it’s not generally true that for some
linearly independent set, each vector is in the span of others; we only need one such
vector. Example: {

(
1
0

)
,
(
2
0

)
,
(
0
1

)
}. Anyways, onto the proof: Starting with the forward

implication: if S ∪ {x} is linearly dependent (while S itself is not), then

a1x1 + · · ·+ anxn + ax = 0

for some distinct choices xi ∈ S, and ai, a ∈ F . If a = 0, then a1x1 + · · · + anxn = 0
which would be a contradiction as S itself is linearly independent; thus, a ≠ 0, and we
solve for x:

x = −a−1anx1 − · · · − a−1anxn

which is indeed a linear combination of S, and thus x ∈ span(S). Now for the other way
around! If x ∈ span(S), then we may write x = b1x1+ · · ·+ bnxn for some bi ∈ F , xi ∈ S,
and n ≥ 1. This means

0 = −1x+ b1x1 + · · ·+ bnxn = 0,

which means we’ve found a linear combination equaling zero, and thus S ∪ {x} is linearly
dependent.

Remark 11.3. S ∪ {x} is linearly dependent implies that span(S ∪ {x}) = span(S).

§11.2 Bases

We were low on time when this came around (like 5 minutes from end of class) but a
basis of V is a linearly independent subset that spans V . Also, no it’s not necessarily
unique. Example: let V = R2. Then {(0, 1), (1, 0)} is a basis, but so is {(1, 1), (0, 1)},
and so is something ridiculous like {(100, 0), (0, π)}.
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§12 Tutorial 3: Tut. 3 HW Solutions (Oct. 5, 2023)

Laconic solution part trio

1. Is {(1, 2, 3), (3, 4, 5), (6, 7, 8)} a linearly dependent subset of R3?

Yes. All vectors in the set are of the form (1, 2, 3) + a(1, 1, 1) where (1, 1, 1) =
1
3(6, 7, 8)−

1
3(3, 4, 5).

2. Let V be a vector space and let S ⊂ V be a linearly independent subset. Show
that S1 ⊂ S implies that S1 is a linearly independent subset.

None of the elements in S are in the span of the others. Therefore any subset
S1 ⊂ S is necessary linearly independent too, since we are picking vectors from S.

3. Let V be a vector space and let S ⊂ V . Show that v ∈ V and v ̸∈ spanS implies
that {v, s} is linearly independent for all s ∈ spanS.

By theorem 1.7, S ∪ {v} is LI; by question 2, {s, v} ⊂ S ∪ {v} and thus is LI as
well.

4. Let S1, S2 be subsets of the vector space V . Recall that we define

S1 + S2 := {x1 + x2 | x1 ∈ S1, x2 ∈ S2}.

Prove that span(S1 ∪ S2) = spanS1 + spanS2.

Any element of the RHS is naturally the sum of a linear combination in S1 and
linear combination in S2. By definition of linear combinations, by adding these
together, it’s simply a linear combination of S1∪S2; same argument for the opposite
direction.

5. Let S1, S2, V be as in question 4. Prove that

span(S1 ∩ S2) ⊂ spanS1 ∩ spanS2,

and give an example when the opposite inclusion is false.

Observe that span{e1, e2} = span{e1 + e2, e2} but

{e1, e2} ∩ {e1, e3} ̸= {e1 + e2, e2 ∩ {e1, e3} = ∅.

6. Let v ∈ V , where V is a vector space over the field F . Prove that span{v} =
span{cv} for all 0 ̸= c ∈ F .

If x ∈ span{v} then

x = av =
a

c
cv ∈ span{cv}.

Same argument holds in the opposite direction.
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7. Let Mn×n(F ) = span{Ai | 1 ≤ i ≤ k} for some integers n, k. Prove that

span{Ai | 1 ≤ i ≤ k} = span{AT
i | 1 ≤ i ≤ k}.

If all M ∈ Mn×n(F ) can be written as
∑

λiAi then it can also be written as
(
∑

λiAi)
T =

∑
λiA

T
i .

8. Let V be a vector space and let W be a subset of V . Prove that spanW = W if
and only if W is a subspace.

In general, the span of a set is always a subspace, so W is also a subspace. All linear
combinations of W are in W because of additive and multiplicative closure; therefore
spanW ⊂ W . Moreover, for all w ∈ W , we have w = 1 · w =⇒ w ∈ spanW , so
W ⊂ spanW =⇒ spanW = W .

9. Let V = F(R,R) be the vector space of all functions from reals to reals. Let S ⊂ V
be the subset of all even and all odd functions. Show that V = spanS.

Any function f ∈ F(R,R) can be written as the unique sum of an even and odd
function in this manner,

f(x) =
f(x) + f(−x)

2︸ ︷︷ ︸
even

+
f(x)− f(−x)

2︸ ︷︷ ︸
odd

,

and so we are done. (Covered in MAT157 Tut. 3)

10. Let V be the space of all polynomials in x with coefficients in F5. Determine if
each of the subsets are linearly dependent or independent,

(a) {x2 + 1, x+ 1, 1}. Rewrite as {x2, x, 1}, which is clearly LI.

(b) {3x+ 1, x+ 1, 4}. 3(x+ 1) + 2(4) = 3x+ 11 ≡ 3x+ 1, which means the set is
LD.

(c) {p(x) ∈ V | p(0) = 0}. Take x and 2x, which is in our set. Then 2(x) = 2x
and so the set is LD.

11. Let S = {v1, . . . , vn} ⊂ V , a vector space. Show that there exists a linearly
independent subset B ⊂ S such that spanB = spanS. Is this set B unique?

Either S is linearly independent or dependent; if it is linearly independent, then
take B = S, and B is necessarily unique (otherwise dimB < dimS and is not a
basis of V ). Otherwise, we may take x ∈ S such that x ∈ span(S \{x}) (by theorem
1.7), and let B be S minus all x with such a property; Then spanB = spanS, and
B is unique.
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12. Let S = {(1, 0, 1), (−1, 2, 0), (0, 1, 0), (1, 1, 1)} ⊂ Q3. Find a linearly independent
subset B ⊂ S such that spanB = spanS.

(1, 1, 1) = (1, 0, 1) + (0, 1, 0) so B = {(1, 0, 1), (−1, 2, 0), (0, 1, 0)} satisfies spanB =
spanS.
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§13 Day 10: Basis, Steinitz Exchange Lemma, and Dimension
(Oct. 10, 2023)

Reminders from last class: let V be a vector space with subset S ⊂ V ; then span(S) =
{a1x1 + · · ·+ anxn | xi ∈ S, ai ∈ F, n ≥ 1}. We say S is linearly independent if and only
if a1x1 + · · · + anxn = 0 (with xi ∈ S distinct and ai ∈ F ) implies a1 = · · · = an = 0.
Moreover, for any two subsets S1 ⊂ S2, we have

• If S1 spans V , then so does S2.

• If S2 is linearly independent, so is S1.

• If S1 is linearly dependent, so is S2.
11

§13.1 Basis

A subset β of V is a basis if it is linearly independent and spanning (that is, span(β) = V ).
For example, V = R2 has basis

(
1
0

)
,
(
0
1

)
since

a

(
1

0

)
+ b

(
0

1

)
=

(
a

b

)
,

which takes on all elements in R2. Note that the basis of a set is not necessarily unique
(we can find infinitely many such bases, actually).

(
1
c

)
and

(
0
1

)
for some c ∈ R is such an

example.

Example 13.1 (Basis of R)
{x} is a basis for R, provided x ̸= 0.

Example 13.2 (Basis of Fn)

Fn has basis 
1
0
0
...
0


︸ ︷︷ ︸

e1

,


0
1
0
...
0


︸ ︷︷ ︸

e2

,


0
0
1
...
0


︸ ︷︷ ︸

e3

, . . . ,


0
0
0
...
1


︸ ︷︷ ︸
en

.

Note that e1, . . . , en is conventional labelling.

Example 13.3 (Basis of Pn(F ))

{1 = x0, x1, x2, . . . , xn} is a basis for Pn(F ) (note that Pn(F ) = {p(x) ∈ P (F ) |
deg p(x) ≤ n}, which is a subspace of P (F ).)

Anyways, onto theorems from class.

11In general, it’s easy to make big sapnning sets, such as V itself, and it’s easy to make small LI sets,
like ∅.
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Theorem 13.4 (Theorem 1.8 (from the book))

Let β = {x1, . . . , xn} ⊂ V . Then β is a basis of V if and only if, for all x ∈ V , there
are unique a1, . . . , an ∈ F such that x = a1x1 + · · ·+ anxn.

The forward implication is already covered in the book, so we simply prove that β spans,
and is linearly independent. The former is demonstrated by the fact that all x are linear
combinations of β, while we may consider x = 0 = 0x1 + 0x2 + · · ·+ 0xn for the latter,
which is the unique linear combination from our assumption.

Theorem 13.5 (Theorem 1.9)

If a finite subset S ⊂ V spans V , then some subset of S spans V . In particular, V
admits a finite basis.

Remark 13.6. By the well ordering principle, any nonempty subset of N has a minimum.
In the same manner, any nonempty subset of Z that is bounded below has as minimum,
and a maximum if bounded above.

Let β be a linearly independent subset of S of largest cardinality (by remark). We claim
that β is a basis of V . β is automatically linearly independent by definition; so now
we show it spans V . As β is the largest subset possible, we see that β ∪ {x} is linearly
dependent for all x ∈ S (where x ̸∈ β) implies all x ∈ S ⊂ span(β). Then

S ⊂ span(β) =⇒ span(S) ⊂ span(β) =⇒︸ ︷︷ ︸
S is spanning

span(β) = V.

Theorem 13.7 (Replacement Theorem / Steinitz Exchange Lemma)

Suppose L, S are finite subsets of V . If L is linearly independent and S is spanning
with |L| = m, |S| = n, m ≤ n, then there exists a subset T ⊂ S such that

(a) |T | = n−m,

(b) L ∪ T spans V .

We may prove this by induction on m. In the case m = 0, we have 0 ≤ n and so may
pick T = S, and we are done. Now, suppose that the statement is true for some m;
we now prove it for m+ 1. Let L = {x1, x2, . . . , xm+1}. First, we apply the induction
hypothesis to Lm = {x1, . . . , xm}. This means there exists Tm = {ym+1, . . . , yn} (with
n−m elements) such that Lm ∪ Tm is spanning. Since xm+1 ∈ V , there exists a linear
combination

xm+1 =
m∑
i=1

aixi +
n∑

i=m+1

biyi

for some ai, bi ∈ F . In particular, if bi = 0 for all i, this would contradict L being linearly
independent, so we say that bi ̸= 0 for some i (and thus, we reorder the yi’s such that
bm+1 ̸= 0). Then we may write

ym+1 = −b−1
m+1

(
m∑
i=1

aixi +

n∑
i=m+2

biyi

)
which is in the span of {x1, . . . , xm+1, ym+2, . . . , yn}. Now, it only remains to show
span{x1, . . . , xm, ym+1, . . . , yn} = span{x1, . . . , xm+1, ym+2, . . . , yn}. In particular, the

38



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

left hand side is V (by above), and take T = {ym+2, . . . , yn}. Then ym+1 ∈ RHS =⇒
x1, . . . , xm, ym+2, . . . , yn ∈ RHS, and thus LHS ⊂ RHS. For the other direction of the
implication, we see LHS = V which immediately finishes it.

With the main theorem out of the way, we have a few corollaries to state:

Corollary 13.8 (Cor. 1 of Steinitz Exchange)

If V admits two finite bases β, γ, then |β| = |γ|. We see this by applying Steinitz
exchange in both directions (since β, γ are both linearly independent and spanning),
where β LI and γ spanning implies |β| ≤ |γ|, and vice versa, yielding that they’re
equal.

We also define that if V admits a finite basis, we say its dimension, dim(V ), is the
cardinality of any of its basis (from the above corollary, all bases have the same cardinality).
Moreover, if V admits a finite basis β, then every basis γ is also finite. Suppose |β| = n.
If γ is infinite, then it is linearly independent and every subset of γ is LI too, which is a
contradiction as it is skew with Steinitz, which we see by taking a finite subset γ′ ⊂ γ
with |γ′| > n, then letting γ′ be LI while β spans. By Steinitz, we see |γ′| ≤ |β| = n
which is contradictory.

Moreover, we may also say if V admits finite basis, then it is finite-dimensional.
Examples:

dim(Fn) = n

dim(Mm×n(F )) = mn

dim(Pn(F )) = n+ 1 (Set {x0, x1, . . . , xn})
dim({0}) = 0 (Empty set ∅.)

39



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

§14 Day 11: More Theorems (Oct. 12, 2023)

Today we continue off of the theorems introduced from last class. We introduce a second
corollary to the Steinitz exchange theorem, where

Corollary 14.1 (Cor. 2 of Steinitz Exchange)

Let V be of finite dimension n.

(i) If subset L ⊂ V is linearly independent, then |L| ≤ n (where dimV = n). We
have |L| = n if and only if L is a basis of V .

(ii) If S ⊂ V spans V , then |S| ≥ n. We have |S| = n if and only if S is a basis of
V .

(iii) Any linearly independent subset can be extended to a basis. That is, for any
linearly independent subset L ⊂ V , there is a basis β where L ⊂ β.

We start by proving (i). If L is a basis of V , we automatically have |L| = dimV = n (by
Cor. 1), so it remains to prove the other direction of implication. If |L| = n, then we
may apply replacement to some spanning S where there exists T ⊂ S such that L ∪ T
spans (though |T | = 0, so L ∪ T = T =⇒ L is a basis). Moreover, we see L cannot be
infinite, since otherwise any finite subset is linearly independent, which means we may
pick L′ ⊂ L such that |L′| = n+ 1 is contradictory by |L′| ≤ n.

A similar proof follows for (ii), where, for any spanning S, we may find a spanning H ⊂ S
(by Theorem 1.9) where |H| = n (by Cor. 1). Therefore G ⊃ H =⇒ |G| ≥ |H| = n, and
we may also conclude |S| = n implies basis by Cor. 1 as well.

For (iii), if L is a linearly independent subset of V (let m = |L|), then by replacement
we may find T ⊂ S (where S spans, n = |S|) with |T | = n−m, so that L ∪ T spans V .
By (i), we see that L ∪ T is necessarily a basis for V .

Theorem 14.2 (Theorem 1.11)

Let V be finite-dimensional such that W ⊂ V is a subspace. Then

(i) W is finite-dimensional.

(ii) dimW ≤ dimV , with equality if and only if W = V .

(iii) Any basis W can be extended to be a basis of V .

Let n = dimV . Then we see dimW ≤ dimV = n because either W = {0} =⇒ dimW =
0 ≤ n, or we have linearly independent vectors {x1, . . . , xk} ∈ W , where k is maximized
(as in, we pick the largest LI subset by well ordering) and k ≤ n because no LI subset of
V may contain more than dimV = n vectors (by definition); if not, adjoining any other
vector from W creates a linearly dependent set, and so {x1, . . . , xk} spans W by Theorem
1.7, and dimW = k ≤ n, which concludes (i) and (ii). Note that if dimW = dimV ,
then the basis {x1, . . . , xn} for W also spans V by Cor. 2, forcing W = V .

A similar argument holds for (iii); any basis β of W is linearly independent in V , which
means it can be extended to be a basis of V by Cor. 2.

Next lecture we will probably properly introduce linear transformations (so I’ll write up
linear transformation stuff when we properly get into it next time).
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empty until i’m done with mat157 midterm 1 c: im bad at keeping promises sorry—
soon soon soon
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§15 Day 12: Linear Transformations (Oct. 17, 2023)

Prof. Herzig is out for the week, so Prof. Meinrenken will be subbing in (MAT247
instructor). We’re now on section 2 of the book!

§15.1 Linear Transformations (Linear Maps)

Let V,W be vector spaces over the same field F ; we say the function T : V → W is a
linear transformation (or linear map) if, for all x, y ∈ V , and any scalar c ∈ F , we have

(a) T (x+ y) = T (x) + T (y),

(b) T (cx) = cT (x)

Equivalently, T is also a linear map if T (cx + y) = T (cx) + T (y) (combination of
the above), or if T , in words, sends linear combinations to linear combinations; i.e.,
T (a1x1 + · · ·+ anxn) = a1T (x1) + · · ·+ anT (xn). Moreover, note that T (0V ) = 0W for
all linear maps T .

Example 15.1

Here are a few examples of linear maps:

T : R3 → R3 where (t1, t2, t3) 7→ (t2, t1, t3)

T : R3 → R2 where (t1, t2, t3) 7→ (t1, t2)

T : R2 → R3 where (t1, t2) 7→ (t1, t1, t2)

T : R2 → R2 where (t1, t2) 7→ (2t1 + 3t2, 3t1 − 4t2)

However,
T : R → R3 where t 7→ (t, t2, t3)

is not linear, and therefore does not satisfy our criterion.

Anyways, we now provide more examples of linear transformations from lecture:12

(a) The map T : Mm×n(F ) → Mn×m(F ) given by A 7→ AT .

(b) The map T : F(S, F ) → F given by f 7→ f(p) for a fixed p ∈ S.

(c) The map T : P (R) → R given by f 7→ f(t) for a fixed t ∈ R.

(d) The identity map IV : V → V given by v 7→ v.

(e) The zero map 0V : V → V given by v 7→ 0.

(f) Straight lines! T : R → R given by x 7→ mx+ b is a linear map if and only if b = 0.
We may check this by observing

T (x1 + x2) = T (x1) + T (x2)

= mx1 + b+mx2 + b

= m(x1 + x2) + 2b,

which implies b = 0 necessarily; otherwise T is not a linear map by our definitions.
12boy do i have an obsession with colons and semicolons... colon three uwu
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§15.2 Kernel, Nullity, Image, and Rank

We start with two quick definitions; let T : V → W be a linear map, then

• We say N(T ) = {v ∈ V | T (v) = 0} = T−1(0) is called the kernel or nullspace of
T .13

• We say R(T ) = {w ∈ W | ∃v ∈ V ; T (v) = w} is called the range or image of T .

Remark 15.2. For our linear map T : V → W , note that N(T ) ⊂ V and R(T ) ⊂ W ; both
of which are subspaces. We see this from

T (ax1 + bx2) = aT (x1) + bT (x2) = a0 + b0 = 0

for whatever a, b ∈ F , x1, x2 ∈ V ; and thus N(T ) (are we supposed to say N(T ) or kerT?)
is a subspace of V . Moreover, let us arbitrarily pick T (x1), T (x2) ∈ R(T ). Let a, b be scalars
in F once again. Then

aT (x1) + bT (x2) = T (ax1 + bx2) ∈ R(T )

and so we are done.

On top of kernel and image, we also define the following,

• null(T ) = dimN(T )

• rank(T ) = dimR(T ).

Now let’s look at a few examples for intuition before establishing the Rank-Nullity
Theorem:

Example 15.3

Let T : R3 → R3 with

a1
a2
a3

 7→

 a2 + a3
a1 − a3
−a1 − a2

. Then N(T ) =


 c
−c
c

 | c ∈ R


and R(T ) =


b1
b2
b3

 | b1 + b2 + b3 = 0

; and thus null(T ) = 1 and rank(T ) = 2.

Notice dimR(T ) + dimN(T ) = 2 + 1 = 3 = dimR3.

Example 15.4

Let V,W be matrix spaces Mn×n(F ). Then let T : Mn×n(F ) → Mn×n(F ) where
A 7→ A − AT . Then N(T ) is the set of all symmetric n × n matrices; and so

null(T ) = n(n+1)
2 . We also see R(T ) is the set of all antisymmetric n× n matrices,

and so rank(T ) = n(n−1)
2 . Notice dimR(T ) + dimN(T ) = n(n−1)

2 + n(n+1)
2 = n2 =

dimMn×n(F ).

With these two examples in place we now prove the Rank-Nullity Theorem.

13as far as i know i think kernel is more used for an abstract linear transformation while nullspace is
more used for matrices. probably just convention though!
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Theorem 15.5 (Rank-Nullity Theorem)

Let V,W be vector spaces over a field F . Then for any linear map T : V → W , we
have

nullT + rankT = dimV.

Since N(T ) is a subspace of V (as demonstrated earlier), we may find a basis; let it be
K := {v1, . . . , vk} ⊂ N(T ). By the Steinitz Exchange lemma, we may extend the set K
with n−k linearly independent vectors; let these vectors belong to S := {vk+1, . . . , vn} ⊂
V \N(T ). We now have a basis B := K ∪ S = {v1, . . . , vn} ⊂ V . By definition,

R(T ) = span(T (B)) = span{T (v1), . . . , T (vk), . . . , T (vn)}.

Note that a1T (v1) + · · · + akT (vk) = T (a1v1 + · · · + akvk) = T (0) = 0 because a1v1 +
· · ·+ akvk is a linear combination of {v1, . . . , vk}, and so is an element of N(T ), and thus
vanishes. Thus,

span{T (v1), . . . , T (vk), . . . , T (vn)} = span{T (vk+1), . . . , T (vn)} = span(T (S)).

With this in place, we claim T (S) = {T (vk+1), . . . , T (vn)} forms a basis of the image
R(T ). We’ve already shown T (S) spans R(T ), so it remains to show that the set is
linearly independent. Suppose we have

n∑
i=k+1

aiT (vi) = 0W

for some ak+1, . . . , an ∈ F . By the linearity of T , we may write

T

(
n∑

i=k+1

aiT (vi)

)
= 0W =⇒

n∑
i=k+1

aiT (vi) ∈ N(T ) = span(K),

and so our linear combination is in the kernel of T ; thus, we may write

0W =

n∑
i=k+1

aiT (vi) =
k∑

i=1

aiT (vi) =⇒
n∑

i=1

aiT (vi) = 0W

for some scalars a1, . . . , ak ∈ F . However, since B is linearly independent, we see all
scalars ai must be equal to zero, showing that T (S) is linearly independent as well; thus,
we may conclude that it is indeed a basis. To finish, we have

nullT + rankT = |K|+ |T (S)| = k + (n− k) = n,

which is indeed equal to dimV .

Here are a few examples using the above theorem;

Example 15.6

Let T : P3(R) → P3(R), where f 7→ f ′; i.e., T (a0 + a1x+ a2x
2 + a3x

3) = a1 +2a2x+
3a3x

2. Then we can quickly check null(T ) = 1 and rank(T ) = dim(P3(R)) − 1 =
4− 1 = 3.a

ai have no idea what the “if 2 = 0” case from class meant...? char(F ) ̸= 2
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§15.3 Isomorphisms

A linear map T : V → W is called an isomorphism if it is a bijection; in another way,
two vector spaces V and W are called isomorphic if there exists an invertible linear
transformation (aka an isomorphism) between them.

Remark 15.7. In general, isomorphisms are neat because it lets you “replace” a vector
space with another that is more familiar; P2(R) ∼= R3 (i.e., there exists an isomorphism
T : P2(R) → R3.

Moreover, we also have the following properties,

• A map T : V → W is injective if and only if N(T ) = {0}.

• A map is surjective if and only if R(T ) = W .

• A map is bijective if and only if it satisfies both of the above.

Proofs of the above are left to the reader; I go hug Bl̊ahaj now.
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§16 Day 13: Linear Transformations; Isomorphisms (Oct. 19,
2023)

For vector spaces V,W over F , define

L(V,W ) = {T : T : V → W}

i.e., “the space of linear transformations from V to W .” As a vector space L14 must
satisfy:

(T1 + T2)(v) = T1(v) + T2(v),

(a · T )(v) = aT (v).

We may check that L is indeed a vsp by going through the axioms, but I don’t think
that’s really needed here.

§16.1 Isomorphisms II

As defined yesterday, we further call any map T ∈ S(V,W ) an isomorphism if it is invert-
ible (remember that invertibility comes with bijectivity). We call V ∼= W (isomorphic) if
such a T exists between them. Now for examples.

(a) There exists an isomorphism between Pn(F ), Fn+1, and let said isomorphism be T .
Then

T (a0 + a1x+ · · ·+ anx
n) = (a0, a1, . . . , an),

T−1(a0, a1, . . . , an) = a0 + a1x+ · · ·+ anxn.

Since such an inverse is defined we see Pn(F ) ∼= Fn+1.

(b) Alternatively, when viewing from the other direction, let us pick (x1, . . . , xn+1) ∈
Fn+1 with all xi distinct. Let T : Pn(F ) → Fn+1, where

T (p) = (p(x1), . . . , p(xn)).

Notice that T has trivial kernel, since if T (p) = 0, we have p(x1) = p(x2) =
· · · = p(xn+1) = 0; if p has n + 1 distinct roots by assumption but deg(p) ≤ n,
it must be the zero polynomial. Thus, we may claim T is bijective and is thus
an isomorphism between Pn(F ) and Fn+1, and we may find a polynomial from
Lagrange Interpolation to get T−1.

(c) P (F ) is not isomorphic to F∞, the set of all infinite sequences, since there does
not actually exist a bijection between them.15 Instead, we have P (F ) ∼= F∞

fin , the
set of sequences with finitely many nonzero elements.

(d) Every n-dimensional vector space V over F is isomorphic to Fn. We may see this
by taking the basis (v1, . . . , vn) of V ; then we have an isomorphism T : Fn → V
given by

(c1, . . . , cn) 7→
n∑

i=1

civi,

which is necessarily injective because of linear independence (and thus N(T ) =
ker(T ) = {0}) and surjective because (v1, . . . , vn) is spanning.

14the amount of times i’ve fucked up this symbol man like £, cursive 2, etc... ouch.
15if you’re curious, dimF∞ = 2ℵ0 , while dimP (F ) = ℵ0... actually, someone check if i’m bullshitting
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Onto theorems for today!

Theorem 16.1 (Same finite dimension implies Isomorphism)

Let V,W be finite-dimensional vector spaces. Then V ∼= W if and only if dimV =
dimW .

Suppose there exists an isomorphism T between V and W . Then we know the kernel of
T , N(T ) = {0}, which implies, by the rank-nullity theorem, that

dimN(T )︸ ︷︷ ︸
0

+dimR(T ) = dimR(T ) = dimV.

Since T is also surjective, we know R(T ) = W , and so dimV = dimW . For the converse,
let dimV = dimW be our pre-assumption. Then let v1, . . . , vn be the basis of V , and
w1, . . . , wn be the basis of W . Take

T (a1v1 + · · ·+ anvn) = a1w1 + · · ·+ anwn,

T−1(a1w1 + · · ·+ anwn) = a1v1 + · · ·+ anvn,

and we are done).

Remark 16.2. The above theorem only works for vector spaces of finite dimension. This is
false if either are infinite; ex: F∞ and F∞

fin .

Theorem 16.3

Suppose dimV = dimW < ∞. Let T ∈ L(V,W ). Then the fact T is an isomorphism
can be concluded from either T being injective or surjective.

If T is injective, then N(T ) = {0}, implying dimR(T ) = dimV = dimW , which yields an
isomorphism by the above theorem. This also implies surjectivity; if we start by assuming
T is surjective, then dimR(T ) = dimW , and dimN(T ) = 0 necessarily from rank-nullity
(which yields injectivity). Thus, one implies the other, and we are done.

Remark 16.4. Once again this isn’t true if dimV, dimW = ∞.
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§17 Tutorial 5: Tut. 5 HW Solutions (Oct. 19, 2023)

(a) Let T : M2×3(F ) → M2×2(F ), given by

T =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 =
(
2a11 − a12

)
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§18 Day 14: Matrix Representations (Oct. 24, 2023)

Our midterm will be on Oct. 31, 11:10am to 1pm. Practice tests have been announced
and posted on here (hmm.. doesn’t seem to exist yet).

Recall that an isomorphism is a bijective linear map T : V → W (where we say V ∼= W
if there exists such an isomorphism T ); if dimV = dimW < ∞, then it suffices to check
for injectivity or surjectivity to conclude that T is an isomorphism (since one implies the
other).

Remark 18.1. Given T : V → W , we see T is injective if and only if dimV ≤ dimW , and
T is surjective if and only if dimV ≥ dimW .

A few more preliminary comments on linear maps! Recall that the space of all linear
maps L(V,W ) = {T : V → W | T is a linear map} is a subspace of the function space
F(V,W ). We also have

Theorem 18.2 (Theorem 2.9; Composition of Linear Maps)

Given linear maps S : U → V , T : V → W , we have T ◦ S : U → W is also a linear
map. To check this, observe

(T ◦ S)(ax+ y) = T (S(ax+ y))

= T (aS(x) + S(y))

= aT (S(x)) + T (S(y))

= a(T ◦ S)(x) + (T ◦ S)(y)

by the linearity of S and T , and so we are done.

Moreover, if we have linear maps S : U → V and T, T1, T2 : V → W , then

(T1 + T2) ◦ S = T1 ◦ S + T2 ◦ S
(aT ) ◦ S = a(T ◦ S).

Though, caution that
S ◦ T ̸= T ◦ S,

since function composition is not commutative. Moreover, we may define function
composition recursively; i.e., if T : V → V , we say

Tn = T ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n times

: V → V,

and T 0 = idV . On the topic of composition, we also have the following theorem,

Theorem 18.3 (Invertibility of Isomorphism)

Let T ∈ L(V,W ); T is an isomorphism if and only if there exists an S ∈ L(W,V )
such that

S ◦ T = idV , T ◦ S = idW .

We already proved the forward direction last week by demonstrating the existence of the
inverse of T , and for the converse, bijectivity implies invertibility. Alternatively, if this
isn’t good enough, use Theorem 2.6 to map basis to basis and the reverse:
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Theorem 18.4 (Theorem 2.6: Map of Basis)

Suppose {x1, . . . , xn} be a basis of V , and let us have y1, . . . , yn ∈ W . Then there
exists a unique linear transformation T : V → W such that T (xi) = yi for 1 ≤ i ≤ n.
(Note that our choice of y1, . . . , yn doesn’t have to be a basis.)

To prove this, we start with uniqueness:

• Suppose T1, T2 satisfy the above. Let x ∈ V ; Since {xi} spans, we may write
x = a1x1 + · · ·+ anxn, and so we have

T1(x) =
n∑

i=1

aiT1(xi) =
n∑

i=1

aiy1 =
n∑

i=1

aiT2(xi) = T2(x),

and so T1 = T2. Thus T is unique.

• Let T satisfy T (xi) = yi; then for all x ∈ V, x =
∑

aixi has a unique combination
of unique scalars a1, . . . , an, and we may write

T (x) = a1T (x1) + · · ·+ anT (xn);

it is easy to check see this is linear (check problem 5 on the homework of week 6).

As a corollary, we also see if S = {x1, . . . , xn} spans V , and we have any two linear maps
T1, T2 : V → W where T1(xi) = T2(xi) for all 1 ≤ i ≤ n, we have T1 = T2 (by additivity
and linearity).

§18.1 Matrix Representations

We start off by defining ordered bases: given any finite dimensional vector space V ,
we say {x1, . . . , xn} is an ordered basis of V where {x1, . . . , xn} is LI and spanning;
however, in this case, we care about the order of x1 . . . xn. As an example, observe how
R2 has {e1, e2}, {e2, e1} as bases; while as sets they’re the same thing, as ordered bases,
they’re different because the order is switched up. Now, we may proceed to build matrix
representations. First, let us have an element x ∈ V with basis β; we may write the
coordinate vector of x relative to β,

[x]β =

a1
...
an

 ∈ Fn where x = a1x1 + · · ·+ anxn

with a1, . . . , an unique (as β = {x1, . . . , xn} forms a basis). Notice that [xi]β = ei as
above; in fact, x 7→ [x]β is a linear transformation from V → Fn. First, let us represent
the entire vector space V with respect to β:

Theorem 18.5 (Theorem 2.21: φβ is an isomorphism)

If β = {x1, . . . , xn} is an ordered basis of V , let us have

φβ : V → Fn,

x 7→ [x]β.

Then φβ is an isomorphism.
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To prove this, we first verify φβ is indeed a linear map. Taking any scalar c ∈ F and
a, b ∈ V , we start by writing a, b in terms of the basis β, where we have

a = a1x1 + · · ·+ anxn,

b = b1x1 + · · ·+ bnxn,

implying φβ(a) =

a1
...
an

 and φβ(b) =

b1
...
bn

. Thus, we may write

φβ(ca+ b) =

ca1 + b1
...

can + bn

 = c

a1
...
an

+

b1
...
bn

 = cφβ(a) + φβ(b),

which concludes φβ is indeed linear. Now, we may show that it is indeed an isomorphism;
for completeness, we will show injectivity and surjectivity:

• First, given any u, v such that [u]β = [v]β, let us have

[u]β = [v]β =

c1
...
cn

 ,

which implies u = c1x1 + · · ·+ cnxn = v, concluding injectivity.

• Now, observe that for any

c1
...
cn

 ∈ Fn, we simply pick u = c1x1 + · · ·+ cnxn; then

φβ(u) is as desired. Thus we also have surjectivity, and so φβ is an isomorphism.

From this, we may also conclude that any n-dimensional vector space is isomorphic to
Fn. Either way, before we proceed, let’s check a quick example. Given V = P2(F ), let
us write x2 − 1 in terms of two different ordered bases: let us have β1 = {1, x, x2} and
β2 = {x, x2, 1}. Then

[x2 − 1]β1 =

−1
0
1

 , [x2 − 1]β2 =

 0
1
−1

 .

With this in place, we may now define the matrix representation of a linear map T . Let
T : V → W be a linear map where V has an ordered basis β = {x1, . . . , xn}, and W has
an ordered basis γ = {y1, . . . , ym}. By Theorem 2.6, if we want T to be unique, we would
want T (xi) = yi. We now construct the matrix representation. For all 1 ≤ i ≤ n, let

T (xi) = a1iy1 + · · ·+ aniyn

=

m∑
j=1

ajiyi

with unique aji ∈ F .16

16yes, by convention j comes first oh what a world we live in

51



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

With this in place, we may now write

[T ]γβ =

a11 . . . a1n
...

. . .
...

am1 . . . amn

 ∈ Mm×n(F ).

Note that the ith column of [T ]γβ is equal to [T (xi)]γ . Alternatively, for all v ∈ V , we
may decompose it into v = a1x1 + · · ·+ anxn (with a1, . . . , an ∈ F scalars) and write the
following,

T (v) = T (a1x1 + · · ·+ anxn) =
n∑

j=1

ajT (xj) =
m∑
i=1

 n∑
j=1

aijxj

 yi,

and thus

[T (v)]γ =


∑n

j=1 a1jxj
...∑n

j=1 amjxj

 =

a11 . . . a1n
...

. . .
...

am1 . . . amn


x1

...
xn

 .

Let’s check an example instead for intuition. Let T : P3(R) → P2(R) defined by
p(x) 7→ p′(x) + p′′(x), referring to the derivative and double derivative. Then we may say
β = {1, x, x2, x3} and γ = {1, x, x2}. First, observe that

T (x1) = 0

T (x2) = 1

T (x3) = 2x+ 2

T (x4) = 3x2 + 6x

where β = {x1, x2, x3, x4} as per our convention established above. Then

[0]γ =

0
0
0

 , [1]γ =

1
0
0

 , [2x+ 2]γ =

2
2
0

 , [3x2 + 6x]γ =

0
6
3

 ,

and we have

[T ]γβ =

0 1 2 0
0 0 2 6
0 0 0 3

 .

Now for some other examples! If T : V → V is the zero map17, then

[T0]
β
β =

0 . . . 0
...

. . .
...

0 . . . 0

 = 0 ∈ Mn×n(F )

where dimV = n. If T : V → V is the identity map, then we may say T = idV and write

[idV ]
β
β =

1 . . . 0
...

. . .
...

0 . . . 1

 = In ∈ Mn×n(F ),

where once again dimV = n.

17question: do we say T0 = 0V ?
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Theorem 18.6 (Theorem 2.20: Isomorphism Theorem)

Let V,W be vector spaces of dimension n,m respectively (both finite-dimensional).
Then, define Φ (book says Φγ

β) where

Φ : L(V,W ) → Mm×n(F )

Φ(T ) 7→ [T ]γβ,

with β, γ as ordered bases for V and W respectively. Then we have that Φ is an
isomorphism.

As a quick corollary, note that dimL(V,W ) = dimV · dimW . This is true because they
are both equal to dimMm×n(F ) = mn. We now prove Φ is an isomorphism.

• (Linearity is actually Theorem 2.8) Let β = {x1, . . . , xn} and γ = {y1, . . . , yn}. Let
T, S : V → W be linear maps; necessarily we have unique scalars aij and bij for
1 ≤ i ≤ mand 1 ≤ j ≤ n such that

T (xj) =

m∑
i=1

aijyi and S(yj) =

m∑
i=1

bijyi for 1 ≤ j ≤ n.

Thus, we have, for any scalar c ∈ F

(cT + S)(xj) =
m∑
i=1

(caij + bij)yi =⇒ ([cT + S]γβ)ij

since caij + bij = (c[T ]γβ + [U ]γβ)ij .

• To show the surjectivity of Φ, we may simply invoke Theorem 2.6 to find a unique
linear map T : V → W where

T (vj) =
m∑
i=1

Aijwi

where 1 ≤ j ≤ n for any matrix A ∈ Mm×n(F ). Since this means [T ]γβ = A. For
injectivity, we want to show that the nullity of T = 0; in a similar argument,
suppose T ∈ kerΦ. Then we have

[T ]γβ = 0 =

0 . . . 0
...

. . .
...

0 . . . 0


where T (xi) = 0 for all basis vectors in β; by Theorem 2.6, we see such a T is
unique, and so dimkerT = 0 implying T is injective.

Thus, we may conclude that Φ is indeed an isomorphism.
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§19 Day 15: Matrix Representation; Composition of Linear
Transformations (Oct. 26, 2023)

Recall from last class; let V have ordered basis β = {x1, . . . , xn}. Then φβ is an
isomorphism as follows,

φβ : V
∼−→ Fn

x 7→ [x]β

where the matrix representation [x]β is of entries a1 to an (since dimFn = n) such that
a1x1 + · · ·+ anxn = x. Moreover, if we have the linear map T : V → W equipped with
ordered bases β = {x1, . . . , xn} of V and γ = {y1, . . . , ym} of W . Then we may also
construct the isomorphism Φ where

L(V,W )
∼−→ Mm×n(F )

T 7→ [T ]γβ.

Remember that the matrix representation [T ]γβ is a matrix of n columns and m rows,

where each column is equal to [T (xi)]γ for every 1 ≤ i ≤ n.18

§19.1 Matrix Representation Operations

Let S : V → W , T : W → Z be linear maps where

α = {x1, . . . , xn},
β = {y1, . . . , ym},
γ = {z1, . . . , zp}

are ordered bases for V , W , Z respectively. In this subsection, we’ll evaluate for [T ◦ S]γα
in terms of [T ]γβ and [S]βα. Let these two matrices be A and B respectively, and also let

C = [T ]γβ; we will be writing in terms of their entries. First, start by having

[T ◦ S](xi) = T (S(xi))

= T

 m∑
j=1

Bjiyj

 (Linear Combination)

=

m∑
j=1

BjiT (yj) (Linearity of T )

=

m∑
j=1

Bji

(
p∑

k=1

Akjzk

)
(Linear Combination)

=

m∑
j=1

(
p∑

k=1

AkjBji

)
︸ ︷︷ ︸

Cki

zk.

Since this is commensurate to the definition of matrix multiplication, we see C = AB ∈
Mp×n(F ) with (AB)ki =

∑m
j=1AkjBji. Thus, [T ◦ S]γα = [T ]γβ · [S]βα.

18sorry, i don’t know how to draw this...
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Theorem 19.1 (Theorem 2.11: Composition of Matrix Representations)

Given linear maps S : V → W and T : W → Z, we have

[T ◦ S]γα = [T ]γβ · [S]βα.

Proof is above. Do note that the ith column of AB is equal to A multiplied by the ith
column of B, and the ith row of AB is the ith row of A multiplied by B. Moreover, Aei
gives the jth column, and eiA gives the ith row of A (tl;dr, think of multiplying by zero
and one for each respective row and column).

Theorem 19.2 (Theorem 2.12: Distributivity and Scalar Associativity)

Let A be a matrix of size m× n and B,C be matrices of size n× p. Then

A(B + C) = AB +AC,

and
A(cB) = c(AB)

for any choice of scalar c ∈ F .

For the first, for any indices i, j we have

A(B + C)ij =

n∑
k=1

aik(bkj + ckj) =

n∑
k=1

aikbkj +

n∑
k=1

aikckj = ABij +ACij ,

and for the second, we may also write

A(cB)ij =

n∑
k=1

aik(cbkj) = c

n∑
k=1

aikbkj = c(AB)ij .

Theorem 19.3 (Theorem 2.14: “Extracting the Input”)

Let V,W be finite dimensional vector spaces with ordered bases β, γ respectively;
moreover, let us have a linear map T : V → W . Then for all x ∈ V , we may writea

[T (x)]γ = [T ]γβ · [x]β.
aapparently, that one kid who thought f(x) = f · x was right...

Let S : F → V be a map taking a 7→ ax, with basis α = {1} (we want to use S to “pick”
out x). To start, we may write

[g]βα = [g(1)]β = [x]β,

and so, by theorem 2.11, we may write

[T (u)]γ = [T (g(1))]γ = [T ◦ g]γα = [T ]γβ · [g]βα = [T ]γβ · [x]β.
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§20 Day 16: Online Class; More Matrix Representations (Nov.
2, 2023)

Reminder that matrix multiplication is a binary operation on two matrices A and B
where the resultant matrix AB has entries that may be calculated as

(AB)ij =
n∑

k=1

AikBkj

where n represents the number of elements in a row in matrix A (or similarly the number
of elements in a column in matrix B). More importantly, also recall that given linear
maps S : V → W and T : W → Z with respective ordered bases of α, β, and γ, we may
write

[T ◦ S]γα = [T ]γβ[S]
β
α,

which may be seen as [S] transforming α basis vectors into β basis vectors, then [T ]
doing the same into γ.

§20.1 Matrices as a Linear Transformation

Given any A ∈ Mm×n(F ), we have

LA : Fn → Fm

x 7→ A · x (Matrix Product)

where we may view the right hand side of the map as multiplying A onto an n × 1
coordinate matrix x; we may check that this is indeed linear by Theorem 2.12 (see
previous page).

Theorem 20.1 (Theorem 2.15: Representation of Matrix as Linear Transformation)

Using the definition of LA as above, we have

[LA]
γ
β = A,

where β is the standard basis (read: {e1, . . . , en}) of Fn and γ is the standard basis
of Fm.

To prove this, directly compute [LA]
std
std

19; each column is equal to LA(ei) by definition,
which is equal to Aei, which is the ith column of A for all i. As a quick remark, recall
the isomorphism theorem (Theorem 2.20; Day 14), and apply it here:

Φ : L(Fn, Fm)
∼−→ Mm×n(F )

T 7→ [T ]stdstd

where we may note Φ is isomorphic. By Theorem 2.15, its inverse

A 7→ LA,

is isomorphic (and linear). To check this, simply observe that

LA+cB = LA + cLB,

19std represents the standard basis.

56



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

and that we also have LA ◦LB = LAB by Theorem 2.11, which can be checked by quickly
writing

[LA ◦ LB]
std
std = [LA]

std
std[LB]

std
std = AB = [LAB]

std
std.

Theorem 20.2 (Theorem 2.16: Associativity of Matrix Multiplication)

Let A,B,C be matrices that can be multiplied, i.e. of dimensions m× n, n× p, and
p× q respectively. Then (AB)C = A(BC).

We can prove this by direct computation, but it is more elegant to apply the following:
since the composition of functions is associative, namely

LA ◦ (LB ◦ LC) = (LA ◦ LB) ◦ LC : F q → Fm,

we find the matrix representations in terms of the standard bases of Fm, Fn, F p, F q, and
conclude that (AB)C = A(BC).

We call a matrix A ∈ Mn×m(F ) invertible if there exists B ∈ Mn×n(F ) such that
AB = BA = In. As usual, the inverse B is unique (if it does exist) and we denote it as
A−1.

Theorem 20.3 (Theorem 2.18: Matrix Representation Inverses)

Let V,W be finite dimensional vector spaces with ordered bases β, γ respectively,
and let T : V → W be a linear map. Then T is invertible (as a linear transformation)
if and only if [T ]γβ is invertible (as a matrix). In particular,

[T−1]βγ = ([T ]γβ)
−1.

To prove this, start by assuming T is invertible; then we may write

T−1 ◦ T = idV =⇒ [T−1 ◦ T ]ββ = [idV ]
β
β = In,

where the left hand side reduces to [T−1]βγ [T ]
γ
β (where n = |β| = dimV ). Similarly, we

may interchange the two matrices to see

[T ]γβ[T
−1]βγ = In

using the fact that V ∼= W =⇒ dimW = n. For the other direction, if [T ]γβ is invertible,
let it be A, and recall Theorem 2.20: Let Φ be the isomorphism

Φ : L(W,V )
∼−→ Mn×n(F )

S 7→ [S]βγ

which means there necessarily exists a unique S ∈ L(W,V ) such that [S]βγ = A−1. In
particular, we may check S ◦ T = idV , and T ◦ S = idW by observing

[S ◦ T ]ββ = [S]βγ [T ]
γ
β = A−1A = In = [idV ]

β
β,

with a similar argument holding for T ◦ S. With this, we are done.

57



Arkyter (’23 Fall Semester) MAT240 Lecture Notes

§21 Day 17: Change of Basis and Dual Spaces (Nov. 14, 2023)

Recall that T : V → W is an invertible linear map if there exists a linear map S : W → V
such that T ◦ S = idW and S ◦ T = idV . Also, note that Theorem 2.18 states the matrix
representation itself is invertible as well, i.e. ([T ]γβ)

−1 = [T−1]βγ (where V , W have ordered
bases β, γ respectively). Moreover, a matrix A ∈ Mn×n(F ) is invertible if and only if
there exists a B such that AB = In = BA (i.e., the identity matrix of size n×n, denoted
In).

§21.1 Change of Basis

In general, any vector space has a lot of bases20, so it’s useful to be able to swap matrix
representations around whenever necessary. And so with this, we pose two questions:

1. For a choice x ∈ V with β, β′ as given ordered bases for V , what is the relationship
between [x]β and [x]β′?

2. For a given linear map T : V → W with β, β′ and γ, γ′ as ordered bases for V and

W respectively, what is the relationship between [T ]γβ and [T ]γ
′

β′?

To start, recall Theorem 2.14, where we have [T (x)]γ = [T ]γβ [x]β . Let γ = β′ and we have

[x]β′ = [idV ]
β′

β · [x]β.

This is a change of basis from β to β′, and we may note [idV ]
β′

β is invertible (from Theorem

2.18, since idV itself is invertible). To check an example, let R2 have bases β = {e1, e2}
and β′ = {(2, 1), (1, 0)}. We see

[idV ]
β′

β =

(
0 1
1 −2

)
, [idV ]

β
β′ =

(
2 1
1 0

)
,

along with (
0 1
1 −2

)(
2 1
1 0

)
=

(
1 0
0 1

)
= I2,

which also holds the other way around (check it!). This resolves question 1. As for
question 2, recall that given S : V → W and T : W → Z with ordered bases α, β, γ
for V , W , Z respectively, we have [T ◦ S]γα = [T ]γβ[S]

β
α; with this, we may describe the

following,

T = idW ◦ T ◦ idV =⇒ [T ]γ
′

β′ = [idW ]γ
′

γ [T ]γβ[idV ]
β
β′ , (1)

since the RHS of the first equation is simply two identities. Moreover, note that both

of [idW ]γ
′

γ [T ]γβ and [T ]γβ [idV ]
β
β′ act as a change of basis actions. We also have the special

case (trivial case) where T : V → V with ordered basis β of V ; we may simply write

[T ]β = [T ]ββ.

20i mean, ofc ignoring the trivial case n stuff
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Theorem 21.1 (Theorem 2.23: Change of Basis)

Using T : V → W (with finite dimensional V , W ) as a linear map with ordered
bases β, β′ of V , we may write

[T ]β′ = Q−1[T ]βQ,

where Q = [idV ]
β
β′ . We call Q the change of basis matrix (that sends coordinates in

β′ to coordinates in β).

To prove this, we can either approach it from the pov of using our earlier equation (1)
and letting γ = β, γ′ = β′, and so we have

[T ]β
′

β′ = [idV ]
β′

β [T ]ββ[idV ]
β
β′ ;

where the above may be simplified to the form [T ]β′ = Q−1[T ]βQ. For intuition, observe
that

Q[T ]β′ = [idV ]
β
β′ [T ]

′
β = [idV ◦ T ]ββ′ = [T ◦ idV ]ββ′ = [T ]β[idV ]

β
β′ = [T ]βQ.

Also, you may check (with β = {x1, . . . , xn} and Q ∈ Mn×n(F )), that

x′j =
n∑

i=1

Qijxi for 1 ≤ j ≤ n

gives the changed basis β′ = {x′1, . . . , x′n}. We say A,B ∈ Mn×n(F ) are similar if there
exists an invertible Q such that B = Q−1AQ. For example, [T ]β and [T ]β′ are similar.

§21.2 Dual Spaces

The dual vector space V ∗ = L(V, F ) represents the space of linear functionals (linear
maps from a vector space to its ground field / “field of scalars”), i.e. all linear maps of
the form f : V → F . For example, taking V = Pn(F ), we may define a linear functional

f : Pn(F ) → F

p(x) 7→ p(a)

for whatever choice of fixed a ∈ F . Note that if V is finite dimensional, then we may
evaluate for the dimension of the dual space,

dimV ∗ = dimL(V, F ) = dimV · dimF = dimV,

since the scalar field is one dimensional. To find a basis for V ∗, suppose we have a given
basis β = {x1, . . . , xn} of V . Define the functions fi : V → F where

fi(xj) = δij =

{
1, i = j

0, otherwise
,

for all 1 ≤ i ≤ n (note that this is the definition of the Kronecker delta, and I will be
using it from now on); moreover, we may ensure fi are linear maps from Theorem 2.6
(and that they are unique), with fi ∈ V ∗ from definition.
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Theorem 21.2 (Theorem 2.24: Basis of V ∗)

We will make two claims:

(a) β∗ = {f1, . . . , fn} as defined above is a basis of V ∗.

(b) We may write, for any f ∈ V ∗ in terms of β∗ as

f =
n∑

i=1

f(xi)fi.

Since dimV ∗ = n and β′ has n linearly independent vectors, we only need to verify the
formula for f above (check Steinitz Exchange Cor. 2). Let g be the function

g =

n∑
i=1

f(xi)fi.

We will now check, according to Thm. 2.6, that this is the unique function satisfying
g(xj) = f(xj) (by linearity, we only need to match the basis to confirm that they’re the
same function). We have

g(xj) =

(
n∑

i=1

f(xi)fi

)
(xj) =

n∑
i=1

f(xi)fi(xj) =

n∑
i=1

f(xi)δij = f(xj),

since all other terms vanish under the delta. This confirms that β∗ cannot generate
non-unique functions (and is thus LI) and is thus a basis, and (b) follows automatically.21

§21.3 Transposition of Linear Maps

Let V ∗ = L(V, F ), W ∗ = L(W,F ), and suppose we have a map T : V → W . Then, we
may define the transpose of T to be

T t : W ∗ → V ∗

g 7→ g ◦ T,

which is illustrated by the commutative diagram, 22

V W

F
g◦T

T

g

(and so we may say f∗(φ) = φ ◦ f for all φ ∈ W ∗, as in g ◦ T = T t(g)). We can check
that T t is indeed linear by writing

T t(cf + g) = (cf + g) ◦ T = c(f ◦ T ) + g ◦ T = cT t(f) + T t(g).

This brings us to Theorem 2.25,

21herzig proof was the other direction but both work i think
22holy shit i figured out how to draw this thing LET’S GOooo
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Theorem 21.3 (Theorem 2.25: Transpose of Linear Map)

Let T : V → W (with V , W finite dimensional) be equipped with β, γ as ordered
bases for V and W , and β∗, γ∗ as ordered bases for V ∗ and W ∗ respectively. Then

[T t]β
∗

γ∗ = ([T ]γβ)
t.

To prove this, start by noting (At)ij = Aji (recall definition of transpose). For any choice
of g ∈ W ∗, observe T t(g) = g◦T ∈ V ∗, and so T t : W ∗ → V ∗; write β = {x1, . . . , xn} and
γ = {y1, . . . , ym} along with β∗ = {f1, . . . , fn} and γ∗ = {g1, . . . , gm}. For convenience,
let us also have A = [T ]γβ and B = [T t]β

∗

γ∗ . To find the jth column of B, we simply have

to express T t(gj) as a linear combination of β∗, and so by Theorem 2.24, write

T t(gj) = gj ◦ T =
n∑

ℓ=1

Bℓkfℓ, (*)

and so by evaluating (∗)23 on xi, we get

Bik = gk(T (xi)) =
n∑

ℓ=1

Bℓkfℓ(xi)

=

m∑
j=1

gk(Ajiyj)

=

m∑
j=1

Ajigk(yj)

=
m∑
j=1

Ajiδki,

and so the above evaluates out to be Aki. Since Aki = Bik, we see B = At, and the proof
is complete. As an exercise, verify from the proof that T t is indeed unique.

23i will fix this garbage later my god the asterisk in the display above WILL NOT WORK THIS IS
RIDICULOUS scream
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§22 Day 18: Elementary Row Operations (Nov. 16, 2023)

We now begin chapter 3. In order to solve systems of linear equations, say, suppose,
y − z = 2

3x+ y + z = 1

2x+ 3y − z = 0

with x, y, z unknown, observe that the solutions x, y, z don’t change if we

1. Interchange two equations.

2. Multiply one equation by a nonzero scalar.

3. Add a multiple of one equation to another equation.

Note that these three operations are called the elementary row operations, and each of
them are reversible (we may label these R1, R2, R3 respectively). It is useful to write
the above system as 0 1 −1

3 1 1
2 3 −1

x
y
z

 =

2
1
0

 .

Theorem 22.1 (Theorem 3.1/3.2: Elementary Row Operations)

If a matrix A′ ∈ Mm×n(F ) is obtained by a series of elementary row operations, then
there exists a matrix E such that A′ = EA. In fact, E is obtained from elementary
row operations on Im. This matrix E is invertible.

To prove this, verify that it works for each of R1, R2, and R3 (leaving it as an
exercise, omitting for brevity). In a similar fashion, we may define the elementary column
operations C1, C2, and C3 of which Thm. 3.1 and 3.2 hold as well.

§22.1 Rank of a Matrix (Section 3.2)

If A ∈ Mm×n(F ) is a matrix, then we define rankA := rankLA with

LA : Fn → Fm

x 7→ Ax.

By the rank-nullity theorem, we also have nullA = nullLA from rankA+ nullA = n =
dimFn (as in, the number of columns). In particular, we may write

Im (LA) = {LA(x) | x ∈ Fn} = span{LA(e1), . . . , LA(en)},

which translates to the span of the columns of A. Moreover, we may derive

Theorem 22.2 (Theorem 3.5: Rank of a Matrix)

The rank of a matrix A ∈ Mm×n(F ) is equal to the dimension of its span of columns,
which is equal to the maximum number of linearly independent columns in A.

For example, if we take A =

(
1 2 1
2 4 0

)
, we see its rank is equal to 2 (since the first and

third columns are linearly independent).
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Theorem 22.3 (Theorem 3.7: Rank Inequality)

For any two compatible matrices A,B, we have

rank(AB) ≤ rankA and rankB.

To prove this, directly compute

rank(AB) = rank(LAB) = rank(LA ◦ LB),

which is enough to show that if we take linear transformations S : V → W and T : W → Z,
then

rank(T ◦ S) ≤ rankT and rankS,

which immediately follows from the property that Im (T ◦ S) ⊂ Im (T ) and ker(T ◦ S) ⊃
ker(S) implies rank(T ◦ S) ≤ rankT along with null(T ◦ S) ≥ nullT , with the same
conclusion on rankS and nullS.

We may also check that kerLA is unchanged under elementary row operations, and that
ImLA is unchanged under elementary column operations.
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§23 Day 19: tbd (Nov. 21, 2023)
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§24 Day 20: tbd (Nov. 23, 2023)
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§25 Day 21: Determinant (Nov. 28, 2023)

Decided to let my friend try writing notes (so I’ll be kinda, yk, fixing here and there).
When a matrix is taken in reduced row-echelon form, we can easily measure the number
of pivots it has (i.e., a pivot is the first nonzero entry in each row, of which the columns
they are in are called pivot columns). It is quick to check that

rank(A) = # of Pivot columns = # of nonzero rows,

which is given by an example below
0 1 2 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

 .

If the given matrix is finite, we may apply the rank-nullity theorem to count nullA =
n− rankA, which is represented by the number of non-pivot columns. We can use this
technique to find a basis for kerLA; start by solving the system Ax = 0, which, given by
the above example, has pivots

x2 = −2x3

x4 = 0

x5 = 0

and non-pivots

x1 = t1

x3 = t2,

which we assign arbitrary scalars to. Using this, we have that the solutions to the kernel
is given by

x = t1


1
0
0
0
0

+ t2


0
−2
1
0
0

 .

It is clear that this linear combination spans kerLA, since they are necessarily linearly
independent and there are two of them (which is equal to nullA). In a similar manner,
we may find the basis of Im (LA) (i.e., the column span). To do this, we simply have to
find a maximal linearly independent subset of A; let A′ be the RREF of A. For example,

A =

 0 0 2 2
−1 3 2 4
2 −6 4 0

 =⇒ A′ =

1 −3 0 −2
0 0 1 1
0 0 0 0

 .

Observe that the pivot columns here are the first and third (since there are two of them,
they form a basis as well); however, let us proceed with a more general result instead.
Given v1, . . . , vn as columns of A with v′1, . . . , v

′
n being columns for A′, notice that if

there exists a linear combination with scalars c1, . . . , cn such that c1v1 + · · ·+ cnvn = 0,
the same scalars yield c1v

′
1 + · · ·+ cnv

′
n = 0. This comes from the fact that

A

c1
...
cn

 = 0 ⇐⇒

c1
...
cn

 ∈ kerLA = kerLA′
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since A and A′ share the same kernel (unchanged under row operations). Equivalently,
we have

⇐⇒ A′

c1
...
cn

 ⇐⇒ c1v
′
1 + · · ·+ cnv

′
n = 0.

Thus, there must exist some sequence of elementary column operations, and this concludes
the claim.

Lemma 25.1 (RREF is Unique)

Using the above, we can prove that the RREF of any given matrix is necessarily
unique.a

ai’m not actually sure how to go about this... i’ll try later.

In a similar manner, given a subset S ⊂ Fn, let A be the matrix with columns (x1 |
· · · | xn). Then spanS is equal to the column span of A, which lets us find a maximally
linearly independent subset for S.

§25.1 Determinants (Section 4)

To start, let A ∈ M2×2(R). We define the determinant of A to be

det

(
a b
c d

)
= ad− bc.

Theorem 25.2 (Theorem 4.2: Invertibility from Determinant)

If detA ̸= 0, then A is invertible.

In particular, for the 2× 2 case, we may write

A−1 =
1

detA

(
d −b
−c a

)
.

To prove the above theorem, start by some direct computation.

A

(
d b
−c a

)
=

(
detA 0
0 detA

)
= (detA)I2.

Now, suppose A is invertible (we may let A be any n× n matrix, actually). If detA = 0,
then let B be such that AB = BA = In. Then det(AB) = (detA)(detB) = 0, but
det In = 1, which is a contradiction. A similar proof goes for the other direction.24 For a
version without cauchy-binet (as in, done in class), notice if det(A) ̸= 0, then

1

detA

(
d −b
−c a

)
is the intended formula, which works as checked earlier; for the other direction, set
AB = 0, then write B = AA−1B = 0. This gives a = b = c = d = 0 =⇒ A = 0, which
is not invertible; therefore detA ̸= 0.

24i’d assume we’ll go over cauchy-binet at some point, which is detAB = detAdetB.
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§25.2 Interpretation of Determinant

Another thing of note is that detA represents the signed area of a parallelogram (back
to the A ∈ M2×2(R) case),

•

where the above parallelogram is spanned by the columns of A, as in

(
a
b

)
and

(
c
d

)
respectively. If we let α be the angle between the two vectors, then the area of the
parallelogram is said to be positive if α ∈ (0, π) and negative if α ∈ (π, 2π). Also, we
may write det as a function det : F 2 × F 2 → F , with det(v1, v2) = det(v1 | v2) (as in a
2× 2 matrix).

Theorem 25.3 (Theorem 4.1 (ish): Determinant is Bilinear)

Let det : F 2 × F 2 → F ; we have that det is bilinear (as in, linear in each argument).

To check this, observe

det(e1, e2) = det

(
1 0
0 1

)
= 1

det

((
a

b

)
,

(
b

a

))
= 0.

To see it is linear in the first argument, fix v2 =

(
b
d

)
∈ F 2. Then

det(v1 + λv′1, v2) = det(v1, v2) + λ det(v′1, v2)

comes from the following computation,

det(v1 + λv′1, v2) = det

(
a+ λa1 b
c+ λc′ d

)
= (a+ λa′)d− b(c+ λc′)

= det(v1, v2) + λ det(v′1, v2).

The proof is similar for the second argument.

Now, to generalize this theorem to the n × n case, let us define the function δ : Fn ×
Fn × · · · × Fn → F , and check that it is multilinear (or n-linear) in each argument, i.e.

Fn → F is linear for all i

vi 7→ δ(v1, . . . , vn).
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First, claim that δ is alternating25 if δ(v1, . . . , vn) = 0 whenever there exists vi = vj for
some i ̸= j. If δ is alternating, then for any i < j, claim that

δ(v1, . . . , vi, . . . , vj , . . . , vn) = δ(v1, . . . , vj , . . . , vi, . . . , vn)

(i.e., swapping two inputs). To prove this, start in the case n = 2. Then

0 = δ(v1 + v2, v1 + v2)

= δ(v1, v1 + v2) + (v2, v1 + v2)

= δ(v1, v1) + δ(v1, v2) + δ(v2, v1) + δ(v2, v2),

where the first and fourth terms vanish. This yields

δ(v1, v2) = −δ(v2, v1),

and we see δ is indeed alternating. With this in place, we now claim there is a unique
function δ : Fn×· · ·×Fn → F that is multilinear, alternating, and satisfies δ(e1, . . . , en) =
1. Suppose such a δ exists; observe

δ(ei1 , . . . , ein),

for i1, . . . , in ∈ {1, . . . , n}. If there exists ij = ik with j ̸= k, then we know the above
must be equal to zero as it is alternating; otherwise, all the ij ’s are pairwise distinct,
and we see we have a permutation {1, . . . , n} → {1, . . . , n} such that j 7→ ij is bijective.
proof was left off here, will be continued next class I think.

Actually let me give this a shot

25which means if we switch two of the variables, we flip the sign. alternatively, the following definition
works too
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§26 Day 22: Deriving the Determinant (Nov. 30, 2023)

Recall that the determinant is a functional, and in the 2× 2 case it operates as such,

det

(
a b
c d

)
= ad− bc,

where in the 2 × 2 case, we have detM2×2(F ) → F (i.e. F 2 × F 2 → F ). Recall that
the determinant is linear in each argument, i.e. “bilinear” or “multilinear” in the higher
dimensional case.

Theorem 26.1 (Determinant Definition)

There is a unique function δ : Fn × · · · × Fn︸ ︷︷ ︸
n times

→ F that is multilinear, alternating,

and satisfies δ(e1, . . . , en) = 1. This function δ is called the determinant, det.

Let vi be columns vectors of size n× 1 defined as such,

vi =

A1i
...

Ani

 =
n∑

j=1

Ajiej ,

for 1 ≤ i ≤ n. Start by noticing that

δei1 ,...,ein = 0

if ij = ik for some j ̸= k; i.e., in order for the above to be equal to 1 and not vanish
under the alternating condition, we must have (eσ(1), . . . , eσ(n)) be ordered with σ ∈ Sn

a permutation (read: Sn as in the symmetric group of size n). Then

δ(eσ(1), . . . , eσ(n)) = sgn(σ) = (−1)s,

where s is the number of swaps needed to permute {1, . . . , n} into {σ(1), . . . , σ(n)}. Back
to the more general case; observe that

δ(v1, . . . , vn)

= δ

 n∑
j1=1

Aj11ej1 , . . . ,
n∑

jn=1

Ajn1ejn


=

n∑
j1=1

· · ·
n∑

jn=1

Aj11 . . . Ajn1δ(ej1 , . . . , ejn) (Multilinearity)

Notice that δ(ej1 , . . . , ejn) is nonzero if and only if j1, . . . , jn forms a permutation of
{1, . . . , n}. Thus, we may rewrite the above to get∑

σ∈Sn

Aσ(1),1 . . . Aσ(n),n δ(eσ(1), . . . , eσ(n))︸ ︷︷ ︸
sgn(σ)

.

Now, it only remains to check that this formula works.

• It is multilinear (i’ll prove this when it’s not like 2am or something)
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• For alternating, check that if vk = vℓ for some k < ℓ, then δ(v1, . . . , vn) = 0. This
comes from the fact that for any even permutation, we may swap vk and vℓ to get
an odd permutation that yields the same sum (but swapped sign), i.e.

Aσ(1),1 . . . Aσ(k),k . . . Aσ(ℓ),ℓ . . . Aσ(n),n = Aσ(1),1 . . . Aσ(ℓ),k . . . Aσ(k),ℓ . . . Aσ(n),n,

since vk = vℓ, so the permutation does not affect it.

• Finally,

δ(e1, . . . , en) =
∑
σ∈Sn

sgn(σ)Aσ(1),1 . . . Aσ(n),n = sgn(id) · 1 · · · · · 1 = 1.

As a quick lemma, if A is upper-triangular, i.e. Aij = 0 for all i > j, then detA =
A11 · A22 · · · · · Ann. This is quick to see from the fact that σ(1) ≤ 1, . . . , σ(n) ≤ n,
implying the only valid permutation being σ = id.
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§27 Day 23: More on Determinants (Dec. 5, 2023)

Recall from last time that we proved the existence and uniqueness of a function δ
satisfying

δ : Fn × · · · × Fn︸ ︷︷ ︸
n times

→ F,

that is multilinear, alternating, and takes the standard bases to 1 (i.e. δ(e1, . . . , en) = 1).
δ takes on the general formula

δ(v1, . . . , vn) = detA =
∑
σ∈Sn

sgn(σ)Aσ(1),1 . . . Aσ(n),n,

with A defined as the n×n matrix with columns v1, . . . , vn. As a corollary, the summation
above also satisfies

det

A11 . . . ∗
...

. . .
...

0 . . . Ann

 = A11 · · · · ·Ann.

Theorem 27.1 (Determinant Properties)

Using properties of the determinant, we have a few relations:

(a) detA′ =


− detA if A′ is obtained by swapping two rows or columns of A,

c · detA if a column or a row is scaled by c ∈ F,

detA if we add a multiple of a row or column to another.

(b) detAt = detA,

(c) detA ̸= 0 if and only if A is invertible.

To check this, for (a) on column operations, each result is immediately given from the
alternating and multlinear properties (respectively); for (C3), if we add c times the jth
column to the ith column, then apply linearity in the ith column to get,

det(v1, . . . , vi + cvj , . . . , vj , . . . , vn) = detA+ cdet(v1, . . . , vj , . . . , vi, . . . , vn)︸ ︷︷ ︸
=0 by alternating

= detA.

For (b), we have

detAt =
∑
σ∈Sn

sgn(σ) (At)σ(1),1︸ ︷︷ ︸
A1,σ(1)

. . . (At)σ(n),n︸ ︷︷ ︸
An,σ(n)

=
∑
σ∈Sn

sgn(σ)Aσ−1(1),1 . . . Aσ−1(n),n. (“Un-permute” the indices with σ−1)

Since sgn(σ) = sgn(σ−1) (number of swaps to get from {1, . . . , n} to {σ(1), . . . , σ(n)} is
the same in either direction), we see the summation above simply gets us detA again.
To prove (a), for rows, simply let v1, . . . , vn be the columns of A, and r1, . . . , rn be the
rows of At. Then clearly vi = ri for 1 ≤ i ≤ n (check: transpose), and so we may proceed
from there.
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For part (c), let A′ be the RREF of A. If A is invertible, then A′ = In and thus A cannot
have zero determinant by (a); the same argument holds for the opposite direction.

To evaluate detA quickly for any given matrix, use (R1) and (R3) to put it into upper
triangular form so we can simply multiply down the main diagonal. For example,

det

1 1 1
1 2 3
1 3 4

 = det

1 1 1
0 1 2
0 2 3


= det

1 1 1
0 1 2
0 0 −1

 = −1.

Theorem 27.2 (Cauchy-Binet Formula; Product of Determinant)

Given two square matrices A,B ∈ Mn×n(R)a, we have

det(AB) = (detA)(detB).

apretty sure this is valid for any matrix with values in a commutative ring

To prove this, first assume detA ̸= 0, and consider the function

δ′ : Fn × · · · × Fn → F,

(x1, . . . , xn) 7→
det(Ax1, . . . , Axn)

detA
.

Clearly, δ′ is multilinear and alternating, and we may see

δ′(e1, . . . , en) =
det(Ae1, . . . , Aen)

detA
= 1,

since both numerator and denominator are taking the determinant of the same thing.
Thus, δ′ = det, and let δ′(v1, . . . , vn) = detB if v1, . . . , vn are columns of B. Then by
definition,

δ′(v1, . . . , vn) =
det(Av1, . . . , Avn)

detA
=

det(Col. of AB)

detA
=

detAB

detA
,

which gives detAB = detAdetB. For the other case, if detA = 0, then simply invoke
rankA < n =⇒ rankAB ≤ rankA < n, so detAB = 0 (by linear dependence). This
concludes the proof.

Theorem 27.3 (Determinant of Block Upper-Triangular Matrices)

If A is a square matrix of the form

A =

(
A′ X
0 A′′

)
with A′, A′′ being square matrices and X any matrix, then detA = detA′ detA′′.

Quick remark that this doesn’t just hold for A′ and A′′ blocks; the number of blocks can
be as many as wanted by induction; for example, with blocks B,C,D, we have

det

B X Y
0 C Z
0 0 D

 = (detB)

(
det

(
C Z
0 D

))
= (detB)(detC)(detD),
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so it suffices to prove it for the 2× 2 case. Using A from the theorem statement, observe

detA =

(
det

(
Im 0
0 A′′

))(
det

(
A′ X
0 In−m

))
=

(
det

(
Im 0
0 A′′

))(
det

(
A′ 0
0 In−m

))
,

with the last step obtained by using (R3) to eliminate X. Let B be the latter matrix;
then Bij = δij , hence

detB =
∑
σ∈Sn

sgn(σ)Bσ(1),1 . . . Bσ(m),m Bσ(m+1),m+1, . . . , Bσ(n),n︸ ︷︷ ︸
=0 unless σ(m+1)=m+1,...,σ(n)=n

,

=
∑
σ∈Sn

sgn(σ)Bσ(1),1 . . . Bσ(m),m = detA′.

In a similar fashion, we have det

(
Im 0
0 A′′

)
= detA′′.

§27.1 Cofactor Expansion Along a Column (Laplace Expansion)

For a square matrix A, we may inductively compute its determinant as follows (by going
along its ith column),

detA =
n∑

i=1

(−1)i+jAij · det(Ã(i,j))︸ ︷︷ ︸
“minor”

.

Note that Ã(i,j) represents the matrix A after removing its ith row and jth column, (so
it goes from a n × n matrix to a n − 1 by n − 1 matrix). For example, let us expand
along the 2nd column in the following matrix,

det

a 0 b
c 1 d
e 0 f

 = (−1)1+2A12 det

(
c d
e f

)
+ (−1)2+2A22 det

(
a b
e f

)

+ (−1)3+2A32 det

(
a c
b d

)
= det

(
a b
e f

)
= af − be,

since A12 = A32 = 0. Do note that there is another different way to compute the
determinant here as well; using elementary operations, we see

det

a 0 b
c 1 d
e 0 f

 =

1 c d
0 a b
0 e f

 = det(1) det

(
a b
e f

)
= af − be

from the block matrix technique earlier. Proof: tbd later (or Meinrenken notes)
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§27.2 Cramer’s Rule

Theorem 27.4 (Cramer’s Rule)

Let A be an invertible matrix. Then the unique solution Ax = b (with x, b being
column matrices of size n× 1) is given by

x =

x1
...
xn

 , xi =
det(v1, . . . , b, . . . , vn)

detA
,

i.e. the ith column of A is replaced with b in the numerator.

To prove this, let

Ax = (v1 | · · · | vn)

v1
...
vn

 = b ⇐⇒ b = x1v1 + · · ·+ xnvn.

This means

det(v1, . . . , b, . . . , vn) = det(v1, . . . , x1v1 + · · ·+ xnvn, . . . , vn)

=

n∑
k=1

xk det(v1, . . . , vk, . . . , vn)︸ ︷︷ ︸
=0 by alternating if i̸=k

= xi det(x1, . . . , xi, . . . , xk)

= xi detA.

As a quick remark, this allows us to get a formula for A−1. Assuming that A is invertible,
we would have AA−1 = In. Then by Cramer’s rule,

(A−1)ij =
det(v1, . . . , ej , . . . , vn)

detA
=

(−1)i+j det(Ã(ji))

detA
, (ej replaces vi)

by expanding along the jth column.
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